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Abstract

We intro duce (1=r)-cuttings for collections of surfacesin 3-spacethat are sensitive
to an additional collection of curves. Speci�cally , let S be a set of n surfacesin R3

of constant description complexity and let C be a set of m curves in R3 of constant
description complexity. Let 1 � r � minf m; ng be a given parameter. We show the
existenceof a (1=r)-cutting � of S of sizeO(r 3+ " ), for any " > 0, such that the number
of crossingsbetweenthe curvesof C and the cells of � is O(m1+ " r ). The latter bound
improves, by roughly a factor of r , the bound that can be obtained for cuttings based
on vertical decompositions. We view curve-sensitive cuttings as a powerful tool for
various scenariosthat involve curvesand surfacesin three dimensions. As a preliminary
application, we usethe construction to obtain a bound of O(m1=2+ " n2+ " ), for any " > 0,
on the complexity of the multiple zone of m curves in the arrangement of n surfaces
in 3-space.After the conferencepublication of this paper [17], curve-sensitive cuttings
were applied to derive an algorithm for e�cien tly counting triple intersections among
planar convex objects in three dimensions[13], and we expect additional applications
to arise in the future.

1 In tro duction

Motiv ation. (1=r)-cuttings (seebelow for de�nitions) have attracted considerableatten-
tion in the computational geometry communit y, as they turned out to be crucial to the
solution of many central problems in the �eld [4, 5, 6, 8, 9, 10, 15, 18, 19]. For someap-
plications, special properties possessedby the cutting can lead to improved results. For
instance, the tree structure of hierarchical cuttings [5] is of great help in numeroussettings
[3, 19].

Many applications require constructing cuttings for collections of non-linear surfaces
[7, 16, 20]. Furthermore, increasingattention is beingdirected to problemsthat involve non-
linear curvesand surfacesin 3-space[12]. Motiv ated by theseconsiderations,we construct a
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(1=r)-cutting for a collection of surfacesin 3-space,such that the cutting is sensitive, in the
sensede�ned below, to a collection of curvesgiven as additional input to the construction.

We apply this cutting to obtain a bound of O(m1=2+ " n2+ " ), for any " > 0, on the
complexity of the multiple zone of m curves in the arrangement of n surfacesin 3-space,
all of constant description complexity. The multiple zone is de�ned as the collection of all
cells of the arrangement of the given surfacesthat are crossedby at least oneof the curves.
It is a generalization of both the concept of the zone of a curve in an arrangement [2, 14]
and the widely studied notion of many faces/cellsin arrangements [1].

We expect curve-sensitive cuttings to �nd multiple additional usesin contexts that in-
volve the interaction of curvesand surfaces.It hasalready beenapplied, after the conference
publication of this paper [17], to derive an algorithm for e�cien tly counting triple intersec-
tions among planar convex objects in three dimensions[13].

Ov erview. Let S be a set of n surfacesin R3 of constant description complexity, and
let C be a set of m curves in R3 of constant description complexity; that is, each surface
and curve is de�ned as a Boolean combination of a constant number of polynomial equal-
ities and inequalities of constant maximum degree. Let 1 � r � minf m; ng be a given
parameter. A (1=r)-cutting of S is a subdivision of 3-spaceinto connectedcells, each of
constant description complexity, so that each cell is crossedby at most n=r surfacesof S.
We wish to construct a (1=r)-cutting � of S of sizenear O(r 3), so that the number of pairs
(c; � ), where c 2 C, � a cell of �, and c\ � 6= ; , is near O(mr ); that is, the averagenumber
of cells of � crossedby a curve of C is near O(r ).

A standard method (in fact, the only general-purposemethod known to date) for con-
structing a (1=r)-cutting for arrangements of non-linear surfacesis to take an appropriate
random sampleR of the surfacesof S, and to construct the vertical decomposition of the ar-
rangement A(R) of R [20]. The construction of this decomposition proceedsin two stages.
First, for every edge of A(R) and every vertical tangency curve (also known as the sil-
houette) on every surfaceof R, we erect a 2-dimensional vertical visibility wall, de�ned as
the union of all z-vertical segments that have an endpoint on this edge(or curve) and are
interior-disjoin t from all surfacesof R. This �rst stageresults in a decomposition of A (R)
into vertical pseudo-prisms,such that the 
o or of each prism, if it exists, is contained in a
single surfaceof R, and similarly for the ceiling of each prism.

In the secondstage of the construction we re�ne the decomposition as follows. For
every prism as above, consider its projection onto the xy-plane. It is a 2-dimensionalsemi-
algebraic set, which we decomposein the plane by erecting 0, 1, or 2 y-vertical (possibly
in�nite) visibilit y segments on each of its vertices and y-vertical tangency points on its
edges,where a visibilit y segment is de�ned as a maximal y-vertical segment that has an
end-point on this vertex (or tangency point) and is interior-disjoin t from the boundary of
the consideredsemi-algebraicset. We then erect z-vertical 2-dimensional walls inside the
original prism, de�ned as its intersection with the z-vertical walls spanned by all the y-
vertical segments erectedby the planar decomposition. Repeating this processfor each of
the above prisms decomposesA(R) into cells of constant description complexity.

We can choose R as a single sample from S of size ar logr , for an appropriate abso-
lute constant a. It can be then argued that, with high probabilit y, the resulting vertical
decomposition of A (R) is indeed a (1=r)-cutting. This is a consequenceof the probabilistic
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analysesof Hausslerand Welzl [15] and of Clarkson [9]. Using a variant of the method of
Chazelleand Friedman [6] or of Chazelle[5] slightly reducesthe sizeof the resulting cutting.

(a) (b)

Figure 1: A curve (the x-axis, shown dashed) crossinga quadratic number of cells of the
vertical decomposition. (a) A side view of the input set. (b) A view from above of the
second-stepsubdivision of the cells mentioned in the text.

Unfortunately, vertical decompositions may fail to satisfy our requirement concerning
the number of crossingsbetweenthe curvesof C and the cellsof the cutting. In fact, a curve
may crossnearly 
( r 2) such cells. An exampleis shown in Figure 1, whereR is a collection
of r planes. Half of them are parallel to the x-axis and pass above it, all appearing on
the lower envelope of this group, which looks like a tunnel in the x-direction with a convex
roof that is symmetric about the xz-plane. The remaining r =2 planes are all parallel to
the y-axis, and form a �xed angle, say 45� , with the xy-plane. These latter planes are
su�cien tly separated from each other, so that their portions that lie above the xy-plane
and below the lower envelope of the �rst group have pairwise disjoint xy-projections. The
x-axis crosses�( r 2) cells of the vertical decomposition of these planes: Indeed, the �rst
decomposition step creates(among others) r =2 cells whosetop facet is the portion of some
slanted plane of the secondgroup that lies below the lower envelope of the �rst group. The
seconddecomposition step subdivides each of thesecells into �( r ) subcells, and the x-axis
crossesthem all.

In contrast, the undecomposed arrangement of �( r logr ) surfaces is sensitive to the
curvesof C, becauseeach curve crosseseach surfaceat O(1) points, so it crossesO(r logr )
cellsof the arrangement. However, the undecomposedarrangement is generallynot a (1=r)-
cutting. On the other hand, the decomposed arrangement is (with high probabilit y) a
(1=r)-cutting, but, as we have just seen,it may fail to be sensitive to C.

In this paper we describe a technique that achievesthe better of both worlds, and con-
structs cuttings that satisfy the desiredproperties. The construction proceedsby taking a
sample R of the surfaces,as described above, and decomposing A(R) into vertical prisms
using the �rst stageof the vertical decomposition construction. Inside each prism we con-
struct a decomposition that takes into account the parts of the curvesof C that lie inside
the prism. Speci�cally , we construct a hierarchical sequenceof cuttings, somewhatreminis-
cent of the construction in Chazelle [5], that reducesthe number of crossingsbetween the
curvesof C and the boundariesof the cells of the cuttings. We are able to guarantee that
the curvesof C are not cut more than O(m1+ " r ) times, for any " > 0, overall.
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Before describing our results in detail, we remark that we can construct an alternativ e
curve-sensitive decomposition scheme for the special case where the surfacesare planes
and the curves are lines (as in the example of Figure 1), by using the Dobkin-Kirkpatric k
hierarchical decomposition [11] in each cell of A (R) . This approach, however, does not
extend to general curvesand surfaces. (An expandeddiscussionof this remark is given in
the application paper [13].)

2 A Curv e-Sensitiv e Decomp osition

In this section we present a new decomposition scheme that is a (1=r)-cutting for S and
satis�es the desiredboundson the number of cellsand on the number of curve-cellcrossings.
For simplicit y of exposition, we will baseour analysison a single random sampleof surfaces
from S (rather than the more elaborate repeated-samplingscheme of [6]). Moreover, we
considersamplesof sizer (rather than �( r logr )). This simpli�es the calculations, but will
only producea O(log r =r)-cutting. We get the desiredcuttings by simply replacing r at the
end of the analysis by the above larger samplesize.

2.1 First Stage of the Decomp osition

We begin with taking a random sample R of r surfacesof S, and a random sample R0

of r curves of C. We form the arrangement A(R) of R, and apply to it the �rst step of
vertical decomposition. That is, we erect vertical walls up and down from each curve of
intersection of pairs of surfacesin R, aswell as from the silhouette of each surfacein R; the
walls are extendeduntil they hit another surfaceof R, or, failing that, all the way to �1 .
In addition, we erect similar vertical walls from each curve c 2 R0, which are also extended
to the �rst surfaceabove and below.

Let A 1 = A 1(R; R0) denotethe resulting decomposition. Note that each cell � of A 1 is a
vertical prism-like cell: the intersection of each vertical line with � is connected. However,
the xy-projection � � of � can have arbitrary shape and complexity.

For each cell � of A 1, let � � denote its combinatorial complexity (i.e., the number
of vertices, edgesand faceson its boundary), and let C� denote the set of all connected
components of the nonempty intersectionsbetween� and the curvesof C. Let � s(r ) denote,
as usual, the maximum length of a Davenport-Schinzel sequenceof order s on r symbols
[20], and put � s(r ) = � s(r )=r, which is thus an extremely slow growing function of r . We
have

Lemma 2.1. (a) The number of cells of A 1 and their overall combinatorial complexity
are both O(r 3� s(r )) , for an appropriate parameter s that depends on the complexity
of the curves of C and the surfaces of S.

(b)
P

� 2A 1
jC� j = O(mr � s(r )) .

(c) With high probability, for each cell � 2 A 1, we have jC� j = O
�

m� �

r
logr

�
.

Pro of: Let 
 be a �xed curve, which is either a curve in C, or an intersection curve of two
surfacesin R, or the silhouette of a surface in R. Let V
 denote the vertical 2-manifold
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(wall) spannedby 
 . Let V +

 (resp., V �


 ) denote the portion of V
 that lies above (resp.,
below) 
 . Let A + (resp., A � ) denote the crosssection of A (R) with V +


 (resp., V �

 ). By

construction, any point at which 
 crossesthe boundary of somecell of A 1 must either be
a vertex of the lower envelope of A + , or a vertex of the upper envelope of A � (or of both, if
the vertex lies on 
 itself ), or a point that lies vertically above or below a point on another
curve of R0 (so that the two points are vertically visible in A(R)). The complexity of each
envelope is O(� s(r )) = O(r � s(r )), for an appropriate constant s [20], and the number of
times 
 passesabove or below a curve of R0 is O(r ). This readily implies the �rst two parts
of the lemma: Part (b) is an immediate consequence,while part (a) follows by applying this
bound to each of the O(r 2) intersection and O(r ) silhouette curvesarising in the sample.

To prove part (c), let us construct (only for the sake of the proof) the secondvertical
decomposition step within � . It partitions � into O(� � ) subcells of constant description
complexity. By the "-net theory of Hausslerand Welzl [15], with high probabilit y each of

thesecells is crossedby at most O
� m

r
logr

�
curvesof C. This follows from the facts that

noneof thesecells is crossedby any of the samplecurves,and that the corresponding range
spacehas �nite VC-dimension, a property that is rather routine (albeit somewhattedious)

to establish(see,e.g., [20]). Multiplying the number O(� � ) of subcellsby O
� m

r
logr

�
yields

part (c). 2

f 1

f 2

f 3

(a) (b)

Figure 2: Step 2 of the decomposition. (a) The curvesof Q � C �
� 0

(solid) and @� � (dotted).
(b) The external facesof A (Q); note that f 2 contains two components of @� � .

2.2 Second Stage of the Decomp osition

After constructing the decomposition A 1, we perform a seconddecomposition step, which
decomposeseach cell � of A 1 as follows. Put m� = jC� j. Let C �

� denote the set of the
xy-projections of the arcs of C� . Let X � denote the number of intersections between the
curvesof C �

� . This is also equal to the number of vertical visibility segmentsbetweenpairs
of curvesof C� , where such a segment is parallel to the z-axis, and connectsa point on one
curve to a point on the other (and is thus fully contained in � ). We clearly have

X

� 2A 1

X � = O(m2): (1)
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Let @� � denote the boundary of � � . Since � � need not be simply connected,@� � may
consistof morethan oneconnectedcomponent. The potential existenceof many components
of @� � is the main sourceof technical di�cult y of the analysis of our decomposition.

If X � � m� , we carry out a preliminary decomposition stage that partitions � � into
subcells, so that, within each subcell � 0, the number of intersectionsbetweenthe curvesof
C �

� that cross� 0 is roughly the squareof the number of such curves. We employ a standard
approach that proceedsas follows (see, e.g., [4]). Put s = dm2

� =X � e, and sample each
curve of C �

� with probabilit y s=m� . This producesa random sample R00of expected size
s. The expected complexity of A (R00) is O(s + (s=m� )2X � ) = O(s), sinceeach intersection
counted in X � becomesa vertex of A (R00) with probabilit y (s=m� )2. We construct the
vertical decomposition of A (R00), and can argue that, with high probabilit y, it consistsof
O(s) trapezoids,each of which is crossedby at most O((m � =s) logs) curves of C �

� . These
trapezoidsare the cells � 0 of the preliminary decomposition of � � . Each cell contains on
averageX � =s = O(X 2

� =m2
� ) crossingsbetweencurvesof C �

� , which is roughly the squareof
the number O((m� =s) logs) = O((X � =m� ) logs) of thesecurvesthat crossit. It is important
to note that this decomposition is de�ned only in terms of the curves in C �

� , and is thus
not necessarilycon�ned to within � � . This concludesthe description of the preliminary
decomposition of � � that is constructed only if X � � m� .

We now apply an additional decomposition step to each cell � 0 of this preliminary cut-
ting. (If X � < m� , � 0 = � � .) This decomposition consists of a recursively constructed
hierarchical sequenceof cuttings of the subset C �

� 0
of those curves of C �

� that cross � 0,
clipped to within � 0. This decomposition is somewhat reminiscent of the hierarchical cut-
ting construction of Chazelle [5]. We begin by choosing a su�cien tly large constant r 0, to
be usedthroughout the construction. Put m � 0 = jC �

� 0
j.

First lev el in the hierarc hy. We draw a random sampleQ of r 0 arcsof C �
� 0

, and compute
all the facesof the planar arrangement A(Q) that contain components of @� � . Clearly, each
component of @� � livesin a single (not necessarilydistinct) faceof A (Q). We refer to such
facesas the external facesof A (Q). Note also that, as de�ned, those facesare not con�ned
to within � 0 nor within � � . That is, @� � is not part of A (Q) and doesnot delimit any face
of it. However, each component 
 of @� � boundsa connectedcomponent of the complement
of � � which is fully disjoint from all the arcs of Q (or of C �

� 0
for that matter). SeeFigure 2.

For each external facef of A (Q), we compute the 2-dimensionalvertical decomposition
of f into vertical pseudo-trapezoids(see,e.g., [20]), which we refer to shortly as trapezoids
or subcells. With high probabilit y, each resulting subcell � is crossedby at most am � 0

r 0 log r 0

curvesof C �
� 0

, for an appropriate absoluteconstant a [9, 15]. For each connectedcomponent

 of @� � , the facef 
 of A(Q) that contains 
 consistsof O(r 0� s(r 0)) subcells[20], sothe total
number of crossingsbetweenthe arcsof C �

� 0
and thesesubcellsis O(m� 0 � s(r 0) logr 0). Let � � 0

denote the number of distinct external facesof A (Q). Then we get a total of O(� � 0 r 0� s(r 0))
external trapezoids,1 and the total number of crossingsbetween the arcs of C �

� 0
and these

subcells is O(� � 0 m� 0 � s(r 0) logr 0).

An obvious upper bound on � � 0 is 1 + h� 0 , where h� 0 denotes the number of internal
connected components of @� � that are fully contained in � 0 (boundary components that
cross @� 0 all lie in the single unbounded face of A (Q)), but we will use in the following

1 In general, better bounds are known for the complexity of � � 0 facesin an arrangement of r 0 curves(see,
e.g., [8]), but the cruder bound that we use su�ces for our purp oses.
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analysis a more re�ned bound. The needfor a re�ned analysis comesfrom the observation
that, at this initial stage of the hierarchy, the total number of faces of A (Q) is only a
constant (at most O(( r 0)2)), whereash� 0 can be much larger. Note that, trivially ,

h� �
X

� 0

h� 0 � � � : (2)

We also have h� = O(r ), becausewe can charge each internal component of @� � either to a
complete connectedcomponent of an intersection curve between the surfaceof R forming
the 
o or of � with another surface in R, or to a similar intersection component involving
the surfaceforming the ceiling of � , or to a completeconnectedcomponent of the silhouette
of some surface of R (which `
oats in the middle' of � ), and the overall number of such
components is clearly O(r ). In fact, applying this analysis for all the cells � of A 1, we
obtain X

� 2A 1

h� = O(r 2): (3)

In addition to decomposing the external facesas described above, we also partition the
remainder portion of A (Q) (its `internal' portion) into vertical trapezoids. In doing so, we
eraseall the edgesof A (Q) that are contained in the interior of the internal portion, and
retain only the edgesthat also bound the external faces. Thus the number of trapezoids
into which the internal portion is partitioned is also O(� � 0 r 0� s(r 0)). The total number of
crossingsbetween the arcs of C �

� 0
and these internal subcells is O(� � 0 m� 0 r 0� s(r 0)). (Here

we can no longer claim that each internal trapezoid is crossedby only a small number of
curves,becauseit is not necessarilydisjoint from the sampledarcs, so this bound is larger
than the bound claimed for external trapezoids,by nearly a factor of r 0.)

Second lev el in the hierarc hy. We now apply a secondpartitioning step within each
external trapezoid � that has a nonempty intersection with @� � . (All other external and
internal trapezoidsare not decomposedany further.) Let C �

� denote the set of connected
components of the intersectionsof the curves in C �

� 0
with � . As in the precedingstep, � is

not necessarilycontained in � � ; however, each arc in C �
� lies fully in � \ � � . SeeFigure 3.

We draw a random sampleQ� of r 0 curvesof C �
� , and compute all the facesof the planar

arrangement A(Q� ) that contain components of @� � . As above, each component of @� � lives
in a single (`external') face of A (Q� ). Again, those facesare not necessarilydistinct. This
time, however, all external faces,with the exception of the unbounded one, are con�ned
within � . Boundary components 
 of @� � that intersect � are of two types: those that
are fully contained in the interior of � , and those that cross@� . All components 
 of the
secondtype lie in the same(unbounded) face of A (Q� ). Let h� , � � denote, respectively,
the number of components 
 of the �rst type, and the number of distinct external facesof
A (Q� ). Clearly, � � � 1 + h� , and

P
� h� � h� (where the sum extends over all � and all

� 0). Again, however, we will have to usea more re�ned bound for k� in what follows.

For each external facef of A (Q� ), we compute the 2-dimensionalvertical decomposition
of f . With high probabilit y, each resulting subcell � 0 is crossedby at most

�
a logr 0

r 0

� 2

m� 0

curvesof C �
� . For each connectedcomponent 
 of @� � , the face f 
 of A(Q� ) that contains


 consistsof O(r 0� s(r 0)) subcells, so the total number of crossingsbetween the arcs of C �
�
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�

@� �

Figure 3: An external trapezoid � (dashed), the portions of @� � that meet � (dotted), and
the arcs in C �

� (solid).

and thesesubcells is
O(m� 0 � s(r 0) log2 r 0=r0):

Summing over all boundary components of @� � that meet � , we get a total of O(� � r 0� s(r 0))
external trapezoids, and the total number of crossingsbetween the arcs of C �

� and these
subcells is O(� � m� 0 � s(r 0) log2 r 0=r0). Summing thesebounds over all external trapezoids� ,
we obtain bounds for the overall number of external trapezoidsin the secondhierarchical
partitioning step,and the total number of crossingsbetweenarcsin C �

� 0
and thesetrapezoids.

Thesebounds are, respectively, X
O(� � r 0� s(r 0)) (4)

and X
O(� � m� 0 � s(r 0) log2 r 0=r0);

where thesesumsare over every � that is an external trapezoid in A(Q).

As above, we alsopartition the remainder internal portions of the arrangements A(Q� ),
over all trapezoids� , into vertical trapezoids,using, as above, only the edgesand vertices
of theseinternal portions that bound alsothe external portions. Thus the overall number of
theseinternal trapezoidsis also boundedby (4), and the total number of crossingsbetween
arcs in C �

� 0
and theseinternal trapezoidsis at most

X

� an external trapezoid in A(Q)

O(� � m� 0 � s(r 0) logr 0):

Recursiv e construction of the hierarc hy. The above processis repeated recursively,
each recursion stage re�ning the decomposition inside those `external' trapezoids con-
structed in the previous stage that are still crossedby (or contain) boundary components
of @� � . Let j = j � 0 be the smallest integer such that (r 0) j � � � =s. Note that this implies
that (r 0) j = O(� � =s). We stop the recursive decomposition processafter j steps. By an ap-
propriate extensionof the precedingarguments, the overall number of external and internal
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trapezoidsproduced in the i -th step, for any i = 1; : : : ; j , is at most
X

� an external trapezoid in someA(Q� 0)

O(� � r 0� s(r 0)) ; (5)

where� 0 is an external trapezoidconstructed in the preceding(i � 1)-st step which intersects
@� � . With high probabilit y, each external trapezoid constructed at the i -th step is crossed
by at most

O

 �
logr 0

r 0

� i

m� 0

!

curvesof C �
� , and each such internal trapezoid is crossedby at most

O

 �
logr 0

r 0

� i � 1

m� 0

!

curves. Hence,the number of crossingsbetweenthe arcs of C �
� 0

and the external trapezoids
is at most

X

�

O
�

� � m� 0 � s(r 0)
logi r 0

(r 0) i � 1

�
;

and the number of crossingsbetweenthe arcs of C �
� 0

and the internal trapezoidsis at most

X

�

O
�

� � m� 0 � s(r 0)
logi � 1 r 0

(r 0) i � 2

�
; (6)

where thesesumsare over every � that is an external trapezoid in someA(Q� 0). It clearly
su�ces to bound the number of crossingsof the latter kind.

Let us �rst analyze the number of trapezoids in more detail. Let 
 be a boundary
component of @� � . If at somestep i , 
 crossesthe boundary of someexternal trapezoid(s),
it has no e�ect on the quantities � � from this step on (inclusive). If on the other hand 

remains con�ned to the interior of a single external trapezoid � , then it may add 1 to � � ,
but it will not a�ect � � 1 , for any other external trapezoid � 1 produced at this step.

In the absenceof any internal boundary components of @� � , the number of trapezoids
increasesin each step by a factor of at most O(r 0� s(r 0)), for a total of O(( r 0) i � i

s(r 0)) trape-
zoidsproducedin the i -th step. If an internal boundary component 
 survives(in the above
sense)up to step i , it generatesan additional number of at most O(ir 0� s(r 0)) trapezoids.
(At each step, 
 may causeO(r 0� s(r 0)) new trapezoidsto be constructed, but only one of
them, namely, the one fully containing 
 , if any, continues to interact with 
 in the subse-
quent steps.) Hence,the overall number of trapezoids(external and internal) produced by
the i -th step of the processis at most

O(( r 0) i � i
s(r 0) + ih � 0 r 0� s(r 0)) :

Summing this bound over i = 1; : : : ; j = dlogr 0(� � =s)e, we obtain that the total number of
trapezoidsis

O((r 0) j � j
s(r 0) + j 2h� 0 r 0� s(r 0)) :
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Since(r 0) j = O(� � =s), we may write (r 0) j � j
s(r 0) = O(� 1+ "

� =s), for any " > 0, and write sim-
ilarly j 2 = O(� "

� ). Therefore, remembering that r 0 = O(1), the total number of trapezoids
is

O
��

� �

s
+ h� 0

�
� "

�

�
:

Summing this bound over all O(s) subcells � 0 of the �xed cell � , and using (2), we obtain
the following bound on the overall number of trapezoidsconstructed during the recursion:

O(� "
� )

 

� � +
X

� 0

h� 0

!

= O(� 1+ "
� ):

Next consider the bounds (6) on the number of curve-cell crossings. Assume�rst that
X � > m� . We then bound the sum (6) in two di�eren t ways. First, assumethat (r 0) i � h1=2

� 0 .
Then we simply use the crude bound of � � = O((r 0)2), which is a general bound on the
number of facesin an arrangement of r 0 curves. In a similar manner, we trivially bound the
overall number of trapezoids� that canariseat all recursivestepsup to level i by O((r 0)2i � 2),
since the number of trapezoidsin the vertical decomposition of the arrangement of the r 0

curvessampledat each step is O((r 0)2). Then (6) is at most

m� 0 � O
�

(r 0)2i � s(r 0)
logi � 1 r 0

(r 0) i � 2

�
= O

�
m� 0 (r 0) i (1+ " )

�
;

for any " > 0, using the fact that r 0 is a constant. The sum of all these bounds, over all
levels i satisfying (r 0) i � h1=2

� 0 , can be upper bounded by O(m� 0 h(1+ " )=2
� 0 ), for any " > 0.

Suppose next that (r 0) i > h1=2
� 0 . Then we can upper bound

P
� k� by O(h� 0 ), so the

overall bound for such an i is at most

O
�

m� 0 h� 0 � s(r 0)
logi � 1 r 0

(r 0) i � 2

�
= O

�
m� 0 h� 0

(r 0) i (1� " )

�
;

for any " > 0, and the sum of thesebounds, over all levels i satisfying (r 0) i > h1=2
� 0 , can also

be upper bounded by O(m� 0 h(1+ " )=2
� 0 ), for any " > 0. (Here the actual terminal value j is

immaterial.)

Summing the bound just derived over all cells � 0 of A(R00), and replacing "=2 by " , we
obtain an overall bound of

X

� 0

O(m� 0 h1=2+ "
� 0

) = O

0

@m� logs
s

�

 
X

� 0

h� 0

! 1=2+ "

� s1=2� "

1

A ;

wherewe remind the reader that the number of cells � 0 is O(s), and m� 0 = O((m� =s) logs).
Recalling that s = dm2

� =X � e, and using (2), we can write this as

O
�

X 1=2+ "
� h1=2+ "

�

�
;

for any " > 0.

Supposenext that X � < m� . Then there is only a single cell � 0 = � � . By cutting the
curvesat their intersection points, we may assumethat the curvesin C �

� are pairwise openly
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disjoint (the number of these piecesremains O(m � )). In this case,the total size of each
of the cuttings, throughout the recursive hierarchy, is only O(r 0), so the overall number of
trapezoidsthat are generatedat level i of the hierarchy is only O((r 0) i ). Bounding

P
� k�

by this quantit y, (6) becomesO(m � � "
� ), for any " > 0.

In conclusion, the total number of curve-cell crossingswithin a cell � of A 1 is at most

O
�

X 1=2+ "
� h1=2+ "

� + m� � "
�

�
; (7)

for any " > 0.

Completion. We now form the �nal 2-dimensional decomposition, by taking @� � into
account. This has to be done wth some care, as follows. The hierarchy of trapezoids
constructed so far is induced by various samplesof (pieces of) curves from C �

� . Let � �

denote the collection of all curve portions that constitute the 
o ors and ceilings of all these
trapezoids. By construction, no two curve portions in � � intersect transversally. (Some
pairs, constituting, e.g., 
o ors of trapezoidsthat are nested in the hierarchy, may partially
overlap; this has no e�ect on the analysis about to be presented.) Clearly, the number of
trapezoidsis �( j� � j).

Consider now the union � 0
� of � � with the set of arcs forming @� � . The arcs of � 0

�
are also pairwise openly disjoint. Form the vertical trapezoidal decomposition of � 0

� . The
number of trapezoidsin this decomposition is

O(j� 0
� j) = O(� 1+ "

� + � � ) = O(� 1+ "
� ):

We retain only those trapezoidsthat are fully contained in � � (the others are disjoint from
� � ).

We next considerthe number of crossingsbetweenthe curvesof C �
� and the new trape-

zoids. Each such crossingcan be chargedto a crossingof a curve 
 2 C �
� with the boundary

of a new trapezoid � (unless 
 is fully contained in � ; the number of such latter pairs is
clearly at most m� ). If such a crossingoccurs on the 
o or or ceiling of � , then it is also a
crossingwith the boundary of an old trapezoid, and is thus counted in (7). If it occurs at
a vertical wall erectedfrom an endpoint q of somearc in � � , then the new wall is equal to
or is shorter than the old wall erected from q. Hencethe number of such crossingsis also
upper bounded by (7). The only remaining caseis a vertical wall erectedfrom somevertex
of @� � or from an x-extreme point on somearc of @� � . Such a wall is fully contained in an
old external trapezoid, and is thus crossedby at most

O((log r 0=r0) j m� 0 ) = O((log r 0=r0) j (m� =s) logs)

curvesof C �
� . Hencethe total number of crossingsof this kind is (recall that (r 0) j = �( � � =s))

O(� 1+ "
� (log r 0=r0) j (m� =s) logs) = O(m� � "

� );

for any " > 0.

The new decomposition is clearly a partition of � � into subcells (trap ezoids)of constant
description complexity. Each of thesesubcells is lifted vertically in the z-direction to within
� , thereby obtaining a partition of � itself. The collection of all thesepartitionings, over all
cells � of A 1, constitutes our �nal decomposition.
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Sinceeach resulting (3-dimensional) cell has constant description complexity, it follows
by the "-net theory of Hausslerand Welzl [15] that, with high probabilit y, each of them is
crossedby at most a0n

r log r surfacesof S, for an appropriate absolute constant a0 > 0, so it
is an O((log r )=r)-cutting of S.

Lemma 2.2. (a) The total number of cells of the above decomposition is O(r 3+ " ), for
any " > 0.

(b) The total number of crossingsbetween the curves of C and thesecells is O(mr 1+ " ),
for any " > 0.

Pro of: (a) As shown above, the number of cellsis O(
P

� 2A 1
� 1+ "

� ), which, by Lemma 2.1(a),
is O(r 3+ " ), for any " > 0.

(b) By (7) and the precedingdiscussion,the number of crossingsis

X

�

O
�

X 1=2+ "
� h1=2+ "

� + m� � "
�

�
;

for any " > 0. Using (1) and (3), the Cauchy-Schwarz inequality, and Lemma 2.1(b), this
can be upper bounded by

X

�

O(X 1=2+ "
� h1=2+ "

� ) +
X

�

O(m� r " ) =

O(1) �

 
X

�

X �

! 1=2+ "

�

 
X

�

h�

! 1=2+ "

+ O(mr 1+ " ) =

= O(m1+2 " r 1+2 " );

for any " > 0, which, with an appropriate scalingof " , can alsobe written asO(m1+ " r ), for
any " > 0. 2

By replacing r by ar logr , for an appropriate absolute constant a, as discussedabove,
we obtain the following main result:

Theorem 2.3. Let S be a set of n surfacesin R3 of constant description complexity, and let
C be a set of m curves in R3 of constant description complexity. Let 1 � r � minf m; ng be
a given parameter. Then there exists a (1=r)-cutting � of S of size O(r 3+ " ), for any " > 0,
so that the number of crossingsbetween the curves of C and the cells of � is O(m1+ " r ).

Remark. With someadditional work, we can also show that each cell of the cutting is
crossedby O(m=r) curvesof C.

3 The Complexit y of a Multiple Zone

Let S and C be as above. De�ne the zone Z (C) of C in A(S) to be the collection of all
cells of A (S) that are crossedby at least one curve of C.

Theorem 3.1. The complexity of Z (C) is O(m1=2+ " n2+ " ), for any " > 0.
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Pro of: Fix a parameter r , and construct a C-sensitive (1=r)-cutting of A (S), consisting of
O(r 3+ " ) cells, each crossedby at most n=r surfacesof S, and the total number of crossings
betweenthesecells and the curvesof C is at most O(m1+ " r ).

Fix a cell � of the cutting. Let S� (resp., C� ) denotethe set of surfacesof S (resp., curves
of C) that cross� , clipped to within � . The complexity of Z (C) \ � can be upper bounded
as follows: First, the zone of a single curve in an arrangement of N surfacesof constant
description complexity is O(N 2+ " ), for any " > 0 [14]. Hence, the overall complexity of
the jC� j separatezonesof each of the curves in C� in A (S� ) is at most O(jC� jjS� j2+ " ). In
addition, portions of the boundary of the external cell of A (S� ) may also belong to Z (C),
becausethey may bound cells of A (S) that are crossedby curvesof C that do not cross� .
The complexity of this external cell is O(jS� j2+ " ). Hence, putting m� = jC� j, the overall
complexity of Z (C) is (we use the same" both in the bounds in Theorem 2.3 and for the
bound on the complexity of the zoneof a curve)

O

 
X

�

(m� + 1)
� n

r

� 2+ "
!

= O
�

m1+ " n2+ "

r 1+ " + n2+ " r
�

;

wherewe useTheorem 2.3 to infer that
P

� m� = O(mr 1+ " ). Choosing r = m1=2 completes
the proof of the theorem. 2

Remark: A lower bound for Z (C) is 
( m2=3n5=3). To establish it, take a planar arrange-
ment of n=2 lines that has m distinct facesof overall complexity �( m2=3n2=3). Lift each of
these lines to a vertical plane in three dimensions, and add to the resulting arrangement
n=2 additional horizontal planes. The resulting collection of n planes is our set S. For
the set C of curves, take m vertical lines, each intersecting the xy-plane at a point inside
one of the m marked faces. The complexity of the multiple zoneZ (C) is easily seento be
�( m2=3n5=3).
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