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Abstract

We shaw that n lines in 3-spacecan be cut into O(n2 179 |og'®=®° n) pieces,such

that all depth cyclesde ned by triples of lines are eliminated. This partially resolves
a long-standing open problem in computational geometry, motivated by hidden-surface
removal in computer graphics.

1 Intro duction

The problem. Let L bea collection of n linesin R3 in generl position. In particular, we
assumethat no two linesin L intersect and that the xy-projections of no two of the lines
are parallel. For any pair *; ?of linesin L, we say that ~ passesatove ° (equivalertly, *°
passeselow V) if the unique vertical line that meetsboth * and Cintersects” at a point

that lies higher than its intersection with ~° We denotethis relation as*® . The relation
is total, but in generalit neednot be transitive and it can cortain cycles of the form
12 k1. Wereferto k asthe length of the cycle. Cycles of length three are

called triangular. SeeFigure 1(a).

If we cut the lines of L at a nite number of points, we obtain a collection of lines,
segmets, and rays. We can extend the de nition of the relation to the new collection
in the obvious manner, exceptthat it is now only a partial relation. Our goalis to cut the
linesin such away that becomesa partial order, in which casewe call it a depth order.
We note that it is trivial to construct a depth order with ( n?) cuts: Simply cut ead line
near every point whosexy-projection is a crossingpoint with another projected line. It is
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Figure 1: Depth cyclesformed (a) by three lines and (b) by three triangles

desirableto minimize the number of cuts. A long standing conjectureis that onecan always
construct a depth order with a sulguadmatic number of cuts. In this paper we make a step
towards establishing this conjecture.

Background. The main motivation for studying this problem comesfrom hidden surface
removal (HSR) in computer graphics. Given a collection of objects in R3, say pairwise
disjoint triangles, and a viewing point, placed for corvenienceat z = 1 , we wish to
compute and render all visible portions of the input objects; that is, for eatq object o
we wish to compute the subset of all points p on o for which the downward-directed ray
emanating from p meetsno other object.

Until the 1970s,HSR was consideredone of computer graphics' most important prob-
lems, and has received a substartial amount of attention; see[21] for a survey of the ten
leading HSR algorithms circa 1974. Sincethen it has beensolved in hardware, using the
z-bu er technique [4], which producesa \discrete" solution to the problem, by computing
the nearestobject at ead pixel of the image. Nevertheless,there is still considerableinter-
estin obtaining an object-space represeration of the visible scenewhich is a conbinatorial
description of the visible portions, independert of the pixel locations and resolution.

Theseconsiderationsmotivated an extensive study of hidden-surfaceremoval in compu-
tational geometry culminating in the early 1990swith a number of algorithms that provide
both conceptual simplicity and satisfactory running-time bounds. Seede Berg [2] and Dor-
ward [9] for overviews of these developmerts, and Overmars and Sharir [14] for a simple
HSR algorithm with good theoretical running-time bounds.

A common feature of most HSR algorithms is that they rely on the existence of a
consistent depth order for the input objects, which is de ned asin the caseof lines: A pair
of objects A; B satisfy A B if there existsa point on B sothat the downward-directed ray
emanating from it meetsA. Thesealgorithms begin by sorting the objects either front-to-
bad (e.g.,the Overmars-Shariralgorithm [14]) or badk-to-front (e.g.,the classicalPainter's
Algorithm [21]).

A large number of algorithms have been developed for testing whether the relation
in a collection of triangles is an order; seede Berg [2] and the referencesherein. Howeer,
while these algorithms help detect cycles, they do not provide strategies for dealing with
cycles,such asthe one shown in Figure 1(b).

One such common strategy is to eliminate all depth cycles,by cutting the objects into



portions that do not form cycles,and running an HSR algorithm on the resulting collection
of pieces.In 1980, Fuchs et al. [10] intro ducedbinary space partition (BSP) trees which can
be usedto perform the desiredcutting. However, a BSP tree may force up to a quadratic

number of cuts [16], which brings us bad to the original challenge: Devise an algorithm

that, givena speci ¢ viewpoint and a collection of n triangles in R3, removesall depth cycles
de ned by this collection with respect to the viewpoint, using a subquadratic number of
cuts. This hasbeenan open problem since 1980.

In this paper we study the simpler problem merntioned above, by restricting the input
to lines in space,rather than triangles. Note that sinceany cycle de ned by a collection of
line segmentsis alsoa cyclein the collection of lines spannedby thesesegmets, the caseof
line segmets is simpler than the caseof lines, and we thus concenrate on the latter case.
(The caseof triangles, though, is more involved, since a depth cycle among triangles does
not necessarilyimply a depth cycle amongtheir edges.)

The work of Solan[19] and of Har-Peledand Sharir [11] suppliesalgorithms that acieve
the above goal, provided a subquadratic number of cuts is always su cient. In partic-
ular, these works presen aIgorith_s that, given a collection L of n Iinﬁs_(or segmers)
in 3:space,perform closeto O(n™ C) cuts (the precise bound is O(n'*"" C) for [19] and
O(n" C (n)logn) for [11]) that eliminate all cyclesde ned by L asseenfrom z = 1 |,
where C is the minimal required number of such cuts. That is, if we can provide a sub-
guadratic bound on the minimal number of cuts that su ce to eliminate all cyclesde ned by
a collection of lines, then the aforemerioned algorithms are guaranteedto nd a collection
of such cuts of (potentially larger but still) subquadratic size.

Sudch an upper bound has however remained elusive. The only progressin this direction
is due to Chazelleet al. [5], who in 1992 have analyzed the following special caseof the
problem. A collection of line segmets in the plane is said to form a grid if it can be
partitioned into two subcollections of \red" and \blue" segmetrs, such that all red (resp.,
blue) segmenms are pairwise disjoint, and all red (resp., blue) segmens intersect all blue
(resp., red) segmetts in the sameorder; seeFigure 2. Chazelleet al. [5] have shown that,

Figure 2: A collection of line segmets that forms a grid

if the xy-projections of a collection of n segmets in 3-spaceform a grid, then all cycles
de ned by this collection (again, as seenfrom z = 1 ) can be eliminated with O(n°®)
cuts.

Our contribution.  This paper describesthe rst steptowards obtaining subquadratic
generalupper boundson the number of cuts that are su cien t to eliminate all cyclesde ned
by an arbitrary collection of lines in space. Speci cally, we show that all triangular cycles
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can be eliminated with O(n2 1769]0g'%%%n) cuts. This allows adapting the technique of

Har-Peled and Sharir [11] or of Solan [19], to yield an algorithm that eliminates all suc
cyclesusing closeto O(n? 17138) cuts,

While our main bound is still far from the lower bound ( n3%) provided by Chazelleet
al. [5] and doesnot immediately apply to cyclesof arbitrary length, it is anessefial rst step
towards the complete solution. Asthe rst nontrivial generalupper bound for this problem,
since the problem's conception more than 20 years ago, we expect it to be generalized
and improved, and the techniques we introduce to be extended and simplied. A certral
componert in our proof is a result of independen interest concerningthe unrealizability of
a certain \w eaving pattern" of lines; seenext section for de nitions.

2 The Magen-Da vid W eaving

A weaving is a nite collection of lines drawn in the plane, such that at ead intersection
of a pair of lines, it is speci ed which of the two passesabove the other. A weaving

is said to be realizable if there is a collection L of lines in 3-space(called the realization
of ) whosexy-projection forms a collection of lines that is combinatorially equivalert to
the onethat de nes , and the linesin L adhereto the above-below constraints speci ed
by . Otherwise, s said to be unrealizable A growing, albeit still relatively small,
body of researt deals with the analysis and classi cation of realizable and unrealizable
weavings [12, 15, 17]. While it can be shawnn that, for a su cien tly large number of lines,
most weavings are unrealizable, proving the unrealizability of a speci ¢ weaving is a rather
nontrivial problem. We cortribute to this study by describinga simple weaving of six lines
and shawing it not to be realizable. This result plays a crucial role in the overall analysis.

Consider the con guration shown in Figure 3. It consists of two lines B;;B,, eah
Ry /
Bl
| / /
B, \ \

Figure 3: The Magen-David weaving

crossing four other lines! R ;R,;G;;G,. All eight crossingsoccur on the boundary of a

lWe usethe notation * for the xy-projection of a line * in 3-space. In accordancewith this, we denote



single wedge W formed between B; and B,. (The gure shows pairs of parallel lines,
but this is drawn only for corvenience. For example, it is immaterial whether B, and B,
intersect to the left or to the right of the gure, and which of the lines B 1; B, passesabove
which in 3-space.) Moreover, B; meetsthe four lines in the order R;;G;; R,; G,, and B,
meets them in the order G;;R;;G,;R,. Thus the only pairs of the four lines that cross
within W are (R4;G;) and (R,; G,). We also assumethat the pair (R;; G,) crosseson the
opposite side of B,, and that the pair (R,; G;) crosseson the opposite side of B ;. Finally,
we assumethat the actual lines in 3-space,B1;B»; R1;R2; G1; G2, whoseprojections form
the con guration, are sud that the lines G; are above the lines R; at the appropriate four
intersection points, the lines R; are above the lines Bj, and the lines B; are above the lines
Gj, for i;j = 1,2. Note that ead of the eight triples (Bi;R;j;Gy), fori;j;k = 1,2,is a
triangular cyclein the collection of these six lines. The weaving described will be referred
to as the Magen-David weaving.? In light of the recert developmeris on the subject of
weavings [12, 15, 17], the following result is of independert interest.

Theorem 2.1. The Magen-David weaving is unrealizable.

Proof. Assumeto the contrary that there exist six lines B4, By, R1, Ry, G1, G2 in 3-space
that realize the Magen-David weaving, and whosexy -projections are, respectively, B ;, B,
R;, Ry, G4, G,. We assumethat the gure is drawn in a coordinate frame in which B ; lies
above B, (in the y-direction) within W, asin Figure 3.

We also usethe following notation. When two projected lines meet at a point w, eah
of the original lines contains a point that projects to w. We designatethesetwo points as
w ;w , where ; 2 fB;R;Gg denotethe families of the respective lines. For example, R
and G; meetat b, and the corresponding point on R1 (resp., G1) is denotedby br (resp., bg).
In the proof below we will rotate someof the lines (without changing their xy-projections)
soasto make certain pairs of lines touch. When this happens,we will denote,with a slight
abuseof notation, their common point by the symbol denoting its projection.

Rotate the line G4, without changing its vertical projection, about ag, suc that the
part of G; whosexy-projection is incident to the certral hexagonin the weaving rotates
downwards. Clearly, it will meet the line R, over the point b before crossingany other
line; we stop the rotation of G; when this contact with R; occurs. Now rotate R; about
b, again rotating the part of R; whoseprojection overlaps the hexagondownwards. It will
similarly meet B, over c. Continue this processin a domino-like fashion, rotating B until
it meets G,, then G, until it meetsR», then R, until it meetsB1, and nally B until it
meetsG;. We have thus forced six pairs of linesto touch ead other, without changing their
vertical projections. The resulting con guration is shown in Figure 4, where dots denote
contacts. Note that the above processcreatesno contacts between the lines other than
the six corntacts described above, and doesnot changeany other above/b elow relationships
betweenthe lines.

Let X denotethe plane spannedby the contact points a;b;c and let Y denotethe plane
spannedby the cortact points d;e;f in R3. Note that X alsocortains the points gg: hr: pr

lines drawn in the xy-plane using the -notation. The above/below data at a crossing is depicted in the
gures using the standard convention for views from above that the line passingbelow is drawn with a small
gap around the crossing.

2\Magen-David" is the original Hebrew expression for the Star of David, meaning literally \Da vid's
Shield."
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Figure 4: An (imp ossible) realization of the Magen-David weaving, after six cortacts were
enforced

and gg, and Y similarly contains gr;hg;rg and sg. Sincepg lies belov pr, the line B3
passeshbelonv X over p. SinceB; meetsX at a we concludethat to the right of a, B, lies
above X . Symmetrically, rg liesaboverg, soB; passesabove Y overr, meetsY at f, and
thus lies below Y to the left of f. Hence,betweena and f, B lies above X and belov Y,
so X lies below Y over this interval.

A symmetric analysisappliesto B,: gg lies above gg, soB» lies above X over g, meets
X at ¢, and thus lies below X to the right of c. On the other hand sg lies below sgr, so
B, liesbelow Y over s, meetsY at d, and thus lies above Y to the left of d. Hence, X lies
above Y over the interval betweenc and d.

Sincegg lies above gr, X liesabove Y over g. Sincehg lies below hg, X lies below Y
over h. ConsiderX andY aslinear functions de ned over the interval gh. Our assumptions
imply that B, (resp.,B,) crossegh at a point that liesin the interval af (resp.,cd). Hence,
X liesabove Y over g, belov Y over B; \ gh, above Y over B, \ gh, and below Y over h.
This alternation is impossiblefor a pair of linear functions, implying that the Magen-David
weaving is unrealizable. O

Remarks: (1) Notice that the contradiction is reached even by using only one of the two
above/b elow relationships of the lines over g and over h. We thus obtain a slightly stronger
unrealizability result, in which one of these order relationships can be arbitrary .

(2) Theorem 2.1is a certral tool in our analysis of the number of cuts neededto eliminate
all triangular cycles. It is interesting to note that the previous result of Chazelleet al. [5]
also relies on the unrealizability of a weaving, which in that casewasthe complete4 4
weaving [15].



3 Eliminating All Triangular Cycles

Let L beasetof n non-vertical linesin 3-spacein generalpositionandletL =f" |~ 2 Lg
denote the set of their projections. A cyclec in L of the form *; 75 i "1
can be represerted as a closedoriented (possibly self-intersecting or even self-overlapping)

polygonal path ¢ = pipy:::pnp1, Wherep; is the intersection point of °; and °;,; (mod j)"
A ftriangular cycle is de ned by three lines “1; »; "3 satisfying 1 "2 3 1. We

call a triangular cycle c clockwise (resp., counterclockwise) if the resulting orientation of ¢

aswe trace it in the order ;! ", ! 5! 7, is clockwise (resp., courterclockwise); see

Figure 5.

"3

RN
>/ \\\/
.

Clockwise Counterclockwise

Figure 5: The two typesof triangular cycles

From triangular cycles to empty triangular cycles. In this paper we con ne our
study to triangular cycles;thus from now on, the unquali ed term “cycle'will always referto
a triangular cycle. We wish to cut the linesin L sothat all suc cyclesare eliminated. Here
is a simple procedurethat adievesthis goal. Fix a parameter k to be determined later.
For eah * 2 L, cut * at (the points projecting on) ewery k-th vertex of the arrangemern
A(L ) lying on " . The total number of cuts is O(n?=k). After these cuts are performed,
any cycle c that hasnot beeneliminated hasthe property that ¢ is crossedby at most 3k=2
lines of L . Using the probabilistic analysistechnique of Clarkson and Shor [8], the overall
number of these\light" triangular cyclesis O(k® o(n=k)), where o(m) is the maximum
number of triangular cyclesc in a collection of m lines in space,suc that ¢ is aface in the
arrangemern of the projected lines. (We refer to cyclesof the latter type asempty.) Hence,
the following number of cuts is certainly su cien t for eliminating all triangular cyclesin L:

o) L k3o — 1)
K % ¥
Let C be a family of triples ("1; 2; 3) of distinct lines of L, suc that ead triple in
C forms a counterclockwise triangular cycle whose xy-projection is a face of A(L ). We
refer to sud cycles as (counterclockwise) empty cycles It suces to obtain a bound on
iCj, since,by symmetry, the overall number of triangular empty cyclesis at most twice this
bound. This is preciselywhat we do in Sections4 and 5, which culminate in Theorem 5.1.
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The theorem statesthat jCj is boundedby O(n? 73*|og®'" n), which implies that o(n) =

0O(n? 3410g®1"n). Plugging this estimate into (1) we concludethat the number of cuts
neededto eliminate all triangular cyclesin L is

n2 n 218 . ..n n2 _ _ _
0] k k3 R |098—17E =0 ? + k35—34n2 1=34 |098—17

16=69

Choosingk = n1¥%9=|og n, we obtain the main result of this paper.

Theorem 3.1. A setL of n nonvertical lines in R® in generl position can be cut into
0O(n? 169|0g'%% n) sgments and rays, suchthat no triangular cycles are presentin the
depth order of theseportions of the lines.

The remainder of the paper is devoted to the derivation of the bound O(n2 =3*|og®1" n)
on the number of empty cournterclockwise triangular cycles.

4 Empty Cycles in a Restricted Setting

We commenceour analysis of empty cyclesby rst proving a subguadratic bound on their
number in a restricted setting. In the next sectionwe describe a reduction of the analysis
of empty cyclesin a generalcollection of lines to the caseconsideredhere.

Lemma 4.1. Let L bethe disjoint union of three collections of lines: B (bluelines), R (red
lines), and G (green lines), that satisfy the following two conditions:

(C1) Eachline in B passesheloweachline in R, which passeshelow each line in G, which
passestelow each line in B. In particular, for anyb2 B, r 2 R and g 2 G, the triple
b;r; g forms a cycle.

(C2) The I|nes in L are oriented and there exist three orientations ; ; suchthat (1)
Do ; (where denotesthe orientation antipodal to orientation ) are
distinct and occur in this counterclockwise cyclic order on the circle of orientations,
and (2) the directions of the lines of B ;R ;G occur in the open intervals (; ),
(; ), ; ), resmctively. See Figure 6.

B

Figure 6: lllustration of condition (C2); B;R;G are usedto label the intervals corntaining
the directions of the corresponding projected lines



Let C be a collection of cyclesde ned by L suchthat each cycle of C projects to a triangular
face of A(L ) that is bounded by a line of B , a line of R , and a line of G , and lies to
the left of each of theseoriented lines. Then the number of cyclesin C is

O jRj*®jBj*Gj*™ minfj Bj;jGjg'™ + jRj*™ maxfj Bj;jGjg + jRj :

Obsenethat if jLj = n then this bound is O(n1%7%), which is considerablystronger than
the bound O(n? 341og®" n) mentioned above and establishedin Theorem 5.1 below for
the generalcase. Note alsothat the lemma yields two additional similar bounds, obtained
by cyclically permuting B; R, and G.

Proof. We assumethat jBj  jGj, which involves no loss of generality, and establish the
bound

O iRI™%B*%Gi™ + RG] + JR]

For the ensuingdiscussion,we assume,without loss of generality, that all linesof R form
anglesof at most =4 with the x-axis, and are oriented from left to right; this can be
enforced by an appropriate rotation and scaling of the coordinate frame. Put b = |Bj,
r = jRj, g = jGj. Fix athreshold parametert, to be determined later. Let R* denote the
set of red lines that participate in at leastt cyclesof C. The total humber of cyclesof C
that involve red linesin RnR™ is at most rt. For ead pair of lines 1; » 2 R*, de ne the
distanced( 1; ») to bethe number of blue-greenvertices of the arrangemern A(L ) that lie
in the double wedgeW ( 1, ») formed betweenthe projections ;; , of thesetwo lines and
not cortaining the vertical (y-parallel) direction. Assignto ead line 2 R™* the sequence
C( ) of the cyclesof C whosexy-projections contain portions of . Theseportions of
form a sequenceof pairwise disjoint segmeis of |, sorted from left to right along

Fix a pair 1; » of distinct linesin R*. The intersection point q of their projections
splits ead of the sequence<C( 1); C( 2) into two respective subsequence€, ( 1); Cr( 1),
and C( 2);Cr( 2), whereC_( i) (resp.,Cr( i)) is the subsequenceonsisting of the cycles
that precede(resp., succeed)q along i, for i = 1;2; note that no cycle on either line can
contain g. Put ty = jCL( 1), tir = JCr( 1), tar = JCL( 2)i, t2r = JCR( 2)j. Suppose
nally , without lossof generality, that » lies counterclockwise of 1.2 SeeFigure 7.

Figure 7: The structure of the double wedgeW ( 1; 2) and the cyclesalong it

3We say that an oriented line in the plane lies counterclockwise (resp., clockwise) of another oriented
line °if the counterclockwise angle from the direction of to that of °is greater than (resp., lessthan

).



Claim 1. W( 1; ») contains at least 3t3 + 3tZ blue-geen vertices; that is,
d . } t2 + t2 .
(1 2) SR+ 1)

Proof. We show that the right wedgeWgr( 1; 2) between ; and , cortains at least %tfR
blue-greenvertices. A symmetric argumert implies that the left wedgeW, ( 1; 2) contains

at least 3t such vertices.

Let cy; ¢ be two cyclesin Cr( 1), sothat c, precedesc, along ,; seeFigure 8. By
the separation of orientations (condition (C2)), the blue line 1 of ¢; and the greenline
2 of ¢ must be such that ; and , crossto the left of ;, at some blue-greenvertex
v. Note that , doesnot intersect ¢, or c,, becausethey are facesof A(B [ R [ G).
If v lay outside Wgr( 1; 2), asin the gure, then , would have had to crossthe lines
1, 1, 2. o inthis order. This, together with condition (C2), would have implied that the
lines 1; 5 1) 1, 2, » form an impossibleweaving Magen-David con guration.

Hence, every vertex v of this type lies inside Wr( 1; 2). Adding the t;r blue-green

vertices of the cyclesthemseles, which alsolie in Wr( 1; 2), we obtain a total of tlzR +
tir %t%R blue-greenvertices. This completesthe proof of the claim. O

Figure 8: The blue-greenvertex v must lie in W( 1; 2)

Fix aline o2 R* and considerthe cluster N( () of lines 2 R* sucthat d(; o) <
t2=36. The distanced( ; ) satis es the triangle inequality; this canbeveri ed either directly,
or by using duality (seebelow for more details). Let 1; 22 N( o). We thus have

t2
d( 1; d( 1; o)+ d( 2 < —
(10 2) d( 1 o)+ d( 25 0) < 5
The above claim implies that (assumingthat » lies counterclockwise of 1)

1, 1, 1t
SR * Sta < 73
therefore t1r and tp are both smaller than t=3. In other words, ; passesbelow (in the
y-direction) the middle portion ( ,) of ,, which is the shortest interval along , that

10



contains the portions of , that participate in the middle t=3 cyclesalong that line, and,
symmetrically, , passeselow the middle portion ( ;) of ;. This impliesthat ( ;) and
( ») lie on the upper ervelope of ; and , (relative to the y-direction); seeFigure 9.

Figure 9: ( ;) and ( ,) lie onthe upper envelope of ;; »

Applying this argumert to ead pair of linesin N( o), we concludethat all the middle
portions ( ), for 2 N( o), lie on the upper envelope E of the projections of the lines
in N( o). Hence,E contains the red portions of at least %jN( 0)j cyclesof C. Howewer,
since E is a corvex chain, a blue or greenline can generateat most one cycle along E, as
it intersectsE at just one point, due to the separation of orientations in condition (C2).
Hence

t. . . : . 3b
z/NCo)J minfbigg=biorjN( o)

We now construct clustersof this typeiterativ ely, picking aline 2 R* not belongingto
any previously constructed cluster, and forming its cluster N ( ), using only lines that have
not yet beenassignedto any cluster. Let R denote the set of “ceners' of these clusters,
i.e., the lines with respectto which the clustersN ( ) have beende ned. By construction,
any pair of lines 1; »,2 Resatises d( 1; ») t2=36.

We apply a standard duality transform to the xy-plane which presenesthe above-below
relationship (see[3]). We denote the dual of an object a by & to avoid confusionwith the
notation a usedto denote xy-projections. We obtain a set ﬁc of red points, dual to the
projections of the red linesin R.. Each blue-greenvertex v is mappedto the line connecting
the corresponding dual blue and greenpoints. Let K denotethis setof dual lines. A vertex
v lies in the double wedgeW ( 1; ») if and only if the line v separates € and €. That is,
d( 1; ») is the number of theseblue-greendual lines that are crossed by the segmen €¢€.

Put rc = jR¢j, and choosea parameter = ap ¢, for an appropriate absolute constart
a. Construct a (1= )-cutting of K, which consistsof O( 2) = O(r.) cells (see[13, 18] for
details concerning cuttings). Eacd cell is crossedby at most jK j= lines of K. Choosethe
constart a so that the number of cells is smaller than r.. Then there exists a cell that
cortains at least two points €; € of hc, and, clearly, only lines of K that crossthat cell
can crossthe segmen € €. Hence

4Thusd( ; ) is the “crossingdistance' in A(K ), asstudied, e.g.,in [7]. In particular, it satis es the triangle
inequality, as promised earlier.

11



We concludethat

t? bg

3% O Py
thus P
_ g
re= 0O E7E

In other words, we have shown that the number of clustersis at most O(b?g?=t*), and since
ead cluster corntains at most 3b=t lines, we obtain that

. b*g?

jR"j=0 5

Any line in R*™ can participate in at most b cyclesof C, sinceead sud cycle must “use'a
di erent blue line. Hencethe overall number of cyclesin C, taking into accourt also the
linesin RnR*, is

2
O rt+ —b49
t5

Chooset = b?3g13=r176_ This parameteris in the range[1; bl when

2
9 402,

7 r b'ge

If r > b*g?, we chooset = 1 and obtain the bound jCj = O(r + b*g?) = O(r). If r < ¢?=I7,
we chooset = b and obtain the trivial bound jCj = O(rb) (as just noted, any line of R can
participate in at most b cyclesof C), which is also O(r 172g). Hence,we obtain

]C] =0 r5=6b2=3gl=3+ r1=29_'_ ro:

where we remind the readerthat we have assumedthat b g. This completesthe proof of
Lemma4.1. O

5 A General Bound on the Num ber of Empt y Cycles

5.1 Reducing to Trichromatic Cycles

Let L beasetof n linesin R® in generalposition, and let C denotethe setof all empty trian-
gular counterclockwise cyclesin L. Color ead line of L red, blue, or green, mdependertly,
at random, with equal probabilities. Considera cyclec2 C of the form *; "5 73 1.
With probability 1=9, ead line is assigneda di erent color (we then refer to ¢ as trichro-
matic), sothat in the cyclic order along c we passfrom a blue line to a red line to a green
line and bad to the blue line. The expected number of trichromatic cyclesin C of this
type is %jCj. Hence, ignoring constart factors, it su ces to considerthe casewhere L is
the disjoint union B[ R[ G of three subfamiliesof roughly equal size (the expected size of
ead family is n=3), and C is a collection of counterclockwise tric hromatic triangular cycles
in B R G whosexy-projections are facesof A(L ), sothat, for ead cyclein C, the blue
line passesbelow the red line, which passesbelow the greenline, which passesbelow the
blue line. As above, we refer to these cyclesas empty.
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Before corntinuing, we note that a trivial upper bound on jCj, which has already been
e ectiv ely usedabove, is

iCi  2minfjBj jRj; jBj |Gj; jRj Gjg: )

This is shavn by charging eath ¢ 2 C to, s&, the blue-red vertex of ¢ , and by noting
that no blue-red vertex of A(L ) is charged more than twice. Repeating the argumert for
blue-greenand red-greenvertices yields (2).

Assign an orientation to ead line of L, sothat ead of the two possibleorientations is
chosenat random with probability 1=2. Each cycle c 2 C, formed by three lines " 1; "»; "3,
has probability 1=8 to be sud that ¢ lies to the left of ead of the projections ";;»; 5.
Hencewe may assumethat all the cyclesin C have this property, which implies that the
three orientations of the lines forming a cycle in C cannot all lie in a common semi-circle
of the circle St of orientations.

Our goal is to decomposethe problem of bounding the number of empty cyclesinto
subproblems,ead involving appropriate subsetsof B ; R and G, sothat thesesubsetssatisfy
the conditions (C1) and (C2) of Lemma 4.1. Each cycle of C will appear asan empty cycle
in one of these subproblems,and the bound on jCj will follow by summing up the bounds
obtained by applying Lemma 4.1 to ead subproblem separately

5.2 Enforcing conditions (C1) and (C2)

The decomposition of the problem into subproblemsthat satisfy conditions (C1) and (C2)
of Lemma 4.1 is accomplishedusing fairly standard, albeit technically involved, spacede-
composition methods. We represen lines in 3-spaceas either points or hyperplanesin real
projective 5-space,using Plucker coordinates [6, 20].

For technical reasons,we rst decomposethe problem into O(1) subproblems,wherein
eah subproblem the horizontal orientations of all the lines of B (i.e., the orientations of
the projected lines in B within the xy-plane) lie in a xed quadrant of S, and similarly
for R and G. (These three quadrants neednot be distinct.) Fix one of these subproblems,
and continue to denote the subsetsof B; R, and G that belongto the subproblem by the
samesymbols. Recall that we needto ensurethat the horizontal orientations have to come
in counterclockwiseorderB; G;R; B;G; R (referto Figure 6), wherewe useB;R;G to
denotethe intervals of orientations of the linesin B ;R ;G , respectively, and B; R; G
to denote the corresponding antip odal intervals. Note that this condition is equivalent to
the condition that the orientations of all linesin R lie counterclockwise to those of all
linesin B , which in turn lie counterclockwise to those of all linesin G , which in turn lie
courterclockwise to those of all linesin R .

This implies that certain combinations of quadrants can be ignored, sincethis condition
cannot arise at all for them. (For example, if B is assaiated with the rst quadrant, R
cannot be assaiated with the fourth quadrant, nor G with the secondquadrant. Similarly,
we can ignore caseswhere all three quadrants lie in the same halfplane.) Moreover, if
the quadrants assaiated with, say, B and R are adjacert, the desired separation of the
horizontal orientations holds for every pair of linesin B R, and thus neednot be enforced
at all. For specicity, we will considerthe casewhere both B and R are assaiated with
the rst quadrant, and G with the third quadrant. Here condition (C2) must be enforced
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for eadh pair of these subsets. The other casesare handled in a similar (and sometimes
simpler) manner.

The decomposition in 5-spaceproceedsas follows. Let b;r; g denote the respective sizes
of B;R; G. Represen ead line " in 3-spacehaving the equationsy = a;x+ ap, Z = agx+ ag,
by its Plucker point ¢(*). Reordering the coordinates, reversing somesigns, and passing
to the real, rather than projective, space,we can put (°) = (ai;as;as;as;a1as a»ag);
see[6, 20]. In this parametrization we exclude lines parallel to the yz-plane, but we may
assumethat none of the lines in L are parallel to that plane. All the Plucker points lie
on the Plucker surface , which in the coordinate system we have chosenis the quadric
X5 = X1X4 X2X3.

The original decomposition of the horizontal orientations into xed quadrants allows
us to represert unambiguously the horizontal orientation of a line by its coecient a;.
Speci cally, in the subcaseunder consideration, for lines” 2 B, "°2 R, 992 G, whose
respective a;-coe cien ts are a;a’ a% the clockwise/counterclockwise relations in condition
(C2) can be expressedasa’> a% a.

We map eat line '°2 R[ G to a surface ("9 in R*, which is the union of two
hyperplanes 1 and », where 1 is the locus of all (points represening) lines "~ that meet
0 and , is the locus of all points represeiting lines whosexy-projection is parallel to that
of “%(i.e., they have the samea;-coe cient as 9. Each of these conditions does indeed
correspond to a hyperplane in 4-space. Note that g(°) lies below (resp., above) (9,
relative to the fourth coordinate direction, if and only if ~ passesbelow (resp., above) *°
in 3-space. Similarly, if 9 belongsto R then q(*) lies to the left (resp., right) of (9,
relative to the rst coordinate direction, if and only if the horizontal orientation of ° lies
clockwise (resp., courterclockwise) to “° If “Obelongsto G then the latter property holds
with clockwise and counterclockwise interchanged.

Let gr[c denotethe collection of the 2r + 2g hyperplanesthat constitute the surfaces
(9, for '°2 R[ G. Fix a parameter , to be determined later, and construct a (1= )-
cutting of A( r[g) in R®, which is a decomposition of 5-spaceinto simplices, ead crossed
by at most (2r + 2g)= hyperplanes,and extract from it all the cellsthat are crossedby the
Plucker surface . Standard macdinery [1] implies that there exists such a cutting for which
the number of cellscrossedby  is O( “log ). Becauseof the generalposition assumption,
the cutting canbe constructed sothat no point represetiing aline in B lieson the boundary
of any full-dimensional simplex. Moreover, the cutting canbe constructedin sud a manner
that ead simplex is crossedby at most 2r= hyperplanescorresponding to linesin R, and
by at most 2g= hyperplanescorresponding to linesin G. Also, by partitioning cellsfurther
asneeded,we may assumethat ead cell cortains at most b= “log ) points corresponding
to the linesin B. This further partitioning doesnot changethe asymptotic bound on the

number of cells of the cutting.

For eadh cell of the cutting, let B denotethe set of lines ™ 2 B whosecorresponding
points q(*) liein ;let R (resp., G ) denotethe setoflines %2 R (resp., °2 G) sudh that
(at least one of the two hyperplanesof) ("9 crosses . Finally, let R denote the set of
lines 92 R such that lies fully belov 1("9 and fully to the left of >("9. Similarly, let
GO denotethe setof lines %2 G sudh that lies fully above 1(*9 and fully to the right of

2(°9.

Fix a cell of the cutting. By the reduction described in the preceding subsections,
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and by construction, eat cyclein C that involvesa line * 2 B must involve a red line in
R [ R? and a greenline in G [ G°.

Considerrst cyclesin (B R G)[(B R GY[ (B R% G). Using(2),
the number of suc cyclesis at most

b n2
- —+ I
4log © = log

ﬁ
«Q

Multiplying by the total number of cells , the overall number of cyclesof this type is at
most O(n?=).

The main task is analyzing cyclesin B RY% GO°. Considerthe two setsR® and G°.
As is easily veri ed, the setsB ;R?; GO satisfy conditions (C1) and (C2) of Lemma 4.1,
with the exception that the interactions betweenthe linesin R® and in G° are not as yet
determined. In more detail, (i) ead line in B passeselon eat line in R® and above eat
line in G°, and (ii) the horizontal orientation of ead line in B  lies clockwise to that of ead
line in RY, and courterclockwise to that of ead line in G°. The above/below relationship
betweenthe lines of RY and those of G°, aswell asthe clockwise/counterclockwise relation
betweentheir horizontal orientations are still not determined.

We next apply another cutting-based partitioning schemeto R® and G°, whosepurpose
is to enforce the missing relationships between the red and greenlines. Speci cally, map
the lines in R? into Plucker points in R®, and the lines in G° into pairs of hyperplanes,
as above. Choosea parameter , to be determined later, construct a (1= )-cutting of the
arrangemernt of the greensurfaces (°), for * 2 G°, and extract its O( *log ) cells that
are crossedby . As above, we may assumethat ead cell cortains at most jR%j=( “log )
red points of R?, and is crossedby at most jG°%j= greensurfaces. For ead cell ' of the
cutting, let RO(" ) bethe setof lines™ 2 R? such that q(*) 2 ', let G(" ) bethe setof lines
02 GO such that  (*9 crosses , and let G (') denote the set of lines 92 G° such that
" lies fully belov 1(°9 and to the right of (9.

Again, by the precedingreductions and by construction, for any cyclec 2 C\ (B
RO  G9) there exists a cell ' sud that cis eitherin C\ (B R°(') G°")) orin
C\' (B RO ) G ()). Using(2), the numberof cyclesin C\ B R°(') G°")
is at most 5
r 9_ 5 n

. 0' . . 0| .
JREC)) 1G7 ()i 7log Flog

Summing this bound over all cells' , and over all cells in the original cutting, the number
of cyclesof this typeis at most O( “n?log = ).

Finally, we turn to the analysis of the number of cyclesin C\ B ROCY G ().
Obsenethat B [ RO(" )[ G (') satis es the assumptionsof Lemma 4.1. We thus have
that the total number of cyclesin C\ (B RO") G (")) is proportional to

ROCITOiB (G ()i minfiB j5iG (' )ig'™+
RO( )i maxfi B j;iG (' )ig+ iR°C )i;
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where

o b n

Bl =
0N T n
jR()i — - and
G ()i g n

Substituting these estimatesinto the bound above, we obtain
!

_ ‘ o nl1=6 n3=2
jC\ B Ro() G()i=0 83 103 2 T 4
Multiplying this expressionby the number of cells ;' , and adding the estimatesfor the

remaining types of cycles,we concludethat the overall number of cyclesin C is

2 2 4
n n< “logn 3 9=3 11= -
o N, N7 709N 4=3 2=3, 116 log?n+ 4 2n32log?n+ “*nlog?n

Choose = °®logn to obtain
. n2 o 11 _ _
iCj= 0 N4 148115610088 L 14332 004y 4 4njog2n

Now choose = n34=log®!"n to get jCj = O(n? 3410g®"n). We have thus arrived
at the main result of this section, which provides the missing ingrediert for the proof of
Theorem 3.1.

Theorem 5.1. Given a setL of n nonvertical lines in R® in geneal position, the number
of empty triangular counterclockwise cyclesde ned by L is O(n? 1734|og®1" n).
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