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Abstract

We show that the number of incidencesbetweenm distinct points and n distinct circlesin
RY, foranyd 3,is O(m11n%1l (m3=n)+ m2-3n2=3+ m+ n), where (n) = (logn)©¢ “(")
and where (n) is the inverse Ackermann function. The bound coincideswith the recert
bound of Aronov and Sharir, or rather with its slight improvemert by Agarwal et al., for
the planar case. We also show that the number of incidencesbetween m points and n
unrestricted convex (or bounded-degreealgebraic) plane curves,no two in a common plane,
is O(M*"n'"=21 + m?73n2=3 + m + n), in any dimensiond 3. Our results improve the
upper bound on the number of congruert copiesof a xed tetrahedron in a set of n points
in 4-spaceand the lower bound for the number of distinct distancesin a set of n points in
3-space.Another application is an improved bound for the number of incidences(or, rather,
containments) betweenlines and reguli in three dimensions. The latter result has already
beenapplied by Feldman and Sharir to obtain a new bound on the number of joints in an
arrangemert of lines in three dimensions.

1 Intro duction

The main result of this paper is an improved upper bound for the number of incidencesbetween
m points and n circles in three dimensions! The study of the number of incidencesbetween
points in the plane and curvesof varioustypeshasan extensiwe history, and a variety of nontrivial
upper (and, more rarely, lower) bounds have been obtained:

For lines and pseudo-lines,the maximum number of incidencesbetweenm points and n
sudh curvesis ( m?23n%=2+ m+ n) [10,21,22].
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For unit circles, the number of incidencesis at most O(m?=3n%= + m + n) [10,20,21].

For arbitrary circles,the number of incidencesis at most O(m%11n%11 (m3=n)+ m?=3nz3+
m + n), where (n) = (logn)°( > and where (n) is the inverse Ackermann func-
tion [1,6]. This improves an older bound of O(m3®°n4® + m + n) in [10]. In a recert
study [1], the new bound is extendedto certain classesof pseudo-cicles i.e., closedJor-
dan curves,any two of which intersect at most twice, and of pseudo-paralolas, i.e., graphs
of continuous totally de ned functions, any two of which intersect at most twice. In par-
ticular, this includesthe casesof parabolas and of homothetic copiesof any xed cornvex
curve of constart description complexity.

Finally, in one of the most general situations consideredin the plane, for curveswith “d
degreesof freedom’ (as de ned in [16]; lines have d = 2 and circlesd = 3), the number
of incidencesis at most O(md=2d Dp@d 2)=2d 1) + m + n) [16]. This has beenrecerly
improved for the special caseof graphs of polynomials of maximum degreed 1 [6,7].

See[17] for a recert survey on incidencesand related problems.

Among the techniques dewveloped so far for obtaining upper bounds on incidence problems,
the simplest and most elegart oneis due to Szkely [21], and is basedon crossingnumbers of
graphsdrawn in the plane (see[15] for details). It yields directly the boundsfor lines, pseudo-
lines, and unit circles, and is also usedin a lessdirect manner in the derivation of the bounds
for arbitrary circles, for pseudo-circles,and for curveswith d degreesof freedom;see[1,6,16].

Only recenly, the study of incidencesbetween points and curves has extended to three
dimensions[4,18]. In general, we conjecture that the number of incidencesin three dimensions
is newver larger than the corresponding bound in the plane: If the curvesare plane curves and
all lie in a common plane, then one achievesthe planar bound. Howewer, if the curvesare not
coplanar (in a sensethat needsto be made more precise)then one expects that the number of
incidencesbe smaller than in the planar case.

This has been substartiated by Sharir and Welzl [18], for the caseof incidencesbetween
points and lines in three dimensions. By projecting the con guration onto somegenericplane,
we obtain a planar con guration of points and lines with the samenumber of incidences,sothe
planar bound always serwes as an upper bound for the three-dimensional caseas well. Sharir
and Welzl have shown that, if all the lines form the sameangle with the z-direction, then one
obtains a smaller upper bound on the number of incidences. Without the above condition on
the angles,improved bounds can also be obtained, e.g., when ead point is incident to at least
three non-coplanarlines; see[18] for details.

The caseof circlesis quite di erent, becausea projection of the circles onto a genericplane
yields a collection of ellipses,which canintersectat four points per pair. The recert bound of [6],
and its extensionin [1], rely on the fact that any two curves under consideration intersect at
most twice. Hence,the bestknown planar bound doesnot extend trivially to higher dimensions.

In a previous version of this paper [4], we obtained a weaker bound of O(m4'n17=2! +
m2=3n2=3+ m+ n) for the number of incidencesbetweenm points and n circlesin any dimension
d 3. Moreover, this bound alsoapplied to incidencesbetweenm points and n arbitrary convex
plane curves, no two of which lie in a common plane, in any dimensiond 3.

In this versionwe retain the derivation of the above bound, becauset remainsthe currently
bestupper bound for incidencesinvolving points and pairwise non-coplanarcorvex (or bounded-
degreealgebraic) plane curves, in any dimensiond 3. Howewer, for the caseof circles, we
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improve the incidencebound further, and reduceit to the aforemeriioned planar bound of [1,6].
Here we do not have to require that the circleslie in distinct planes. The new bound is optimal
form n%* (n), for an appropriate constart , becauseit is then equalto O(mZ3n2=3+ m),
which can be attained whenall circleslie in acommonplane or sphere,asa variant of the known
lower-bound construction for the caseof lines [6,12].

Besidesbeingan interesting and natural extensionof the analogoustwo-dimensionalquestion,
there are additional motivations for studying incidencesbetween points and circles (or more
generalcurves) in three and higher dimensions,which are reviewed in Section 5.

2 Circles in Three Dimensions

We rst provide a brief and somewhatinformal overview of the analysis of the caseof circlesin
R3. We begin by constructing a multi-graph G by connecting consecuti\e pairs of points of P
along ead circle c 2 C. Pairs that are connectedby just one suc circular arc are referred to
as\light,” and the remaining pairs are called \heavy." Light edgescan be analyzedasin [21],
by projecting the circles onto somegeneric 2-plane and by applying Szkely's technique to the
resulting plane graph. Heavy edgesare analyzedby the following iterativ e pruning process.We
pick a circle ¢p 2 C that has many heavy arcs, and \capture" all the other circles of C that
form with it heavy arcs of G, within a system of spheresthat passthrough cg. Within ead
such sphere , we apply the planar bound of [1,6] on the number of cuts of the circlesin  that
eliminate all such arcs. We then remove all the circlesthat lie on these spheresand repeat the
process.With somecare (seedetails below), this yields an initial weak bound (seeTheorem2.1)
on the number of incidences,which is asymptotically the sameasa similarly weak bound derived
in the planar case. The bound is then improved via a problem decomposition that is basedon
a certain partition of three-dimensionaldual space,in which the points of P are represened by
planesand the circles of C by points.

2.1 An initial bound

Let C beasetof n circlesand P a set of m points in 3-space.Let | (P;C) denotethe number
of incidencesbetweenP and C; that is, the number of pairs (p;c) 2 P C with p2 c.

We rst apply an inversion of R® about a point o, which does not lie on any circle of C
or on any sphereor plane that contains more than one circle of C. Without loss of generality,
we take o to be the origin, and identify a point with its radius-vector x from the origin. Then
the inversion is the mapping x 7! x=jxj2. It maps a spherewith certer ¢ and radius r to a
spherewith certer c=(jcj2 r?) and radius r= jcj?> r2 . Hence,in particular, it maps o to
the \sphere at in nit y," all points at the \sphere at in nit y" to o, a sphereavoiding o to another
sudh sphere, a plane missing o to a spherethrough o and vice versa, and a plane through o
to itself. Consequetly, the inversion maps a circle missing o to another suc circle. After the
transformation, we obtain a new set of m points and n circles, where no two resulting circlesare
coplanar. Indeed, any such coplanar pair would have had to lie, beforethe transformation, on a
common sphereor plane that passeshrough o, cortrary to the choice of o. Hence,throughout
the remainder of this section, we assumethat no two circles of C are coplanar.

We may also assumethat ead circle of C contains at least three points of P, since the
remaining circles contribute at most 2n to the incidencecournt. After making this assumption,



the notion of the arc of a circle delimited by a pair of consecutive points of P on the circle is
unambiguous. We will call such an arc elementary.

We represen the incidence structure by a multigraph G embedded in 3-spaceas follows:
vertices of G are the points of P themselesand any two points of P consecutive along a circle
c 2 C are connectedby an arc of G, drawn as the corresponding elemenary arc along c. In
this manner a pair of points might be connectedby multiple arcsjabstractly we think of it as
a single multi-edge (i.e., an edgewith multiplicit y) in G. Note that we resene the term \arc
(of G)" for a geometric objectlan (elemertary) arc of somecircle connecting two consecutive
points of P, while the term \edge (of G)" will meanthe abstract (multi)edge of G, i.e., a pair
of points with one or more elemertary arcs betweenthem. The number of edgesin G, counted
with multiplicit y, is exactly the number of arcsin G, which is preciselyl (P; C).

An edgefp;qg of G is called light if it has multiplicit y one, i.e., p and q are consecutive
along a single circle; otherwise we call it heavy. The corresponding elemenary arc or arcs are
alsoreferred to aslight or heavy, respectively.

The number of light arcsis easyto bound. Indeed, project C and P onto somegenericplane
. Considerthe collection G° of the projections of all the light arcsof G onto . G%is a simple
graph drawn in the plane, with m vertices and at most 4 r21 = O(n?) edgecrossings(any suc
crossingis an intersection betweenthe projections of the two respective circles; theseprojections
are ellipses,which may intersectead other in at most four points per pair). The CrossingLemma
for planar graphs (see[14,15]) assertsthat a simple graph drawn in the plane with m vertices
and X edgecrossingshasat most O(m + m?=3X 173) edges(see[6,11,21] for similar applications
of the CrossingLemma). Hence, the total number of light arcsis O(m%2n2=2+ m+ n). It thus
remainsto bound the number of heavy arcs.

Fix a threshold parameter k. We apply the following iterative pruning processto set C.
Supposethat there exists a circle cg 2 C with at least k other circles meeting it at two not
necessarilyconsecutive points ead. Let K (cg) denote the set of these circles, and let k
denoteits cardinality.

Consider the set ( c¢g) of all spheresthat contain ¢y and at least one additional circle of

K (cp). Clearly, j ( cg)j . Foreahh 2 ( ), let C( ) denotethe set of circlesthat lie on
; or,g of them is ¢y, and some of them mightcnot intersect ¢y at all. Put = jC( )j, and
0= 7, . Notethat °>k.Put KYc)= "~ , ) C( ); this setcontains co, the circlesin

K (cp), and also possibly somecirclesthat happento lie on somesphere , without intersecting
Co.

Within eadr , considerthe set C( ), which, we map to a set of coplanar circles by an
appropriate stereographic projection. The results of [1,6] imply that the number of heavy
elemenary arcs in the arrangemen A(C( )) is O( ¥2 ( ), where (r) = (logr)°C (),
Indeed, a multi-edge of G that hasj > 1 elemenary arcsalong induceshj=2c pairwise non-
overlapping lenses(in the terminology of [1,6]), and the maximum size of a family of pairwise
non-overlapping lensesin a planar arrangemert of circlesis O( =2 () (see[l, Theorem
5.1]). The number of elemenary arcs under consideration is at most three times the number
of these lenses. Note however that this only counts elemerary arcs on circles of C( ), whose
endpoints are shared by at least one additional circle from C( ), where they also delimit an
elemertary arc. Any other heavy elemerary arc onacirclein C( ) hasa companionelemenary
arc, with the same endpoints, on a circle c that is transversalto (that is, c intersects at
two points, which are the endpoints of the elemenary arc being considered). Elementary arcs



of this latter kind will be counted momentarily .

Supposethat ¢;c°6 ¢ are two circles that lie on di erent respective spheres ; %2 ( c),
and meet ea other at two points p;q, sothat p and g delimit elemerary arcs along both ¢
and c® This interaction betweenc and c®is not recordedin the bounds just mertioned, but we
can bound the number of these arcs as follows: Note that p and g must lie on cg. This implies
that ¢;c°2 K (cp), and there can be at most one such arc along ead circle ¢ 2 K (cg). Hence,
the number of thesearcsis at most

Let c be a circle that is not cosphericalwith cg. Then ¢ meetsead of the spheres 2 ( ¢p)
in at most two points. We wish to bound the number of heary elemertary arcs along ¢ whose
endpoints lie on somecircle c°2 K {cy) wherethey alsodelimit an elemerary arc. We claim that
the number of such arcsis at most two. Indeed, supposec® c%c%%re three circles, lying on three
distinct respective spheres & 99 00%hrough cy, sothat ead of them meets c at two points,
denotedrespectively asf p® q%; f p°°°9; f p°®¢°Y. What is the order of thesesix points along c?
If cformsalink with co, i.e., the disk boundedby c intersectscg, then, up to relabeling ¢ c®9 c0%°
and interchanging the p's and g's, the order must be p® p®p®%g% o q°°qseeFigure 1(a)), and
otherwise it must be p® p% p®%%q°%%9° (seeFigure 1(b)). However, neither order is consistert
with the requiremert that p%® p°¢9 pP%%be distinct elemenary arcson c; speci cally, they are
not disjoint: they must partially overlap in case(a), and nestin case(b). This establishesthe
claim.

Hence,any circle ¢ not in K Y¢p) cortains at most two elemerary arcsthat shareendpoints
with someelemenary arc(s) on the circles of K ), for a total of at most 2n additional arcs.
It is possiblethat such an elemenary arc along ¢ has only one companion elemenary arc ©
with common endpoints on just one circle c®2 K Ycg). Arcs ©of this type have not yet been
counted (within the system of spheres ( cp)), but there can be at most two such companion
arcs for ead transversal circle c, for a total of at most 2n additional arcs, giving a total of at
most 4n additional heavy elemenary arcsthat can be formed by thesetransversal circles.

@) (b)

Figure 1: Elemenrtary arcs along a circle c that is not cosphericalwith cg; the crosssection of
the sceneby the plane containing cis shown. The dash-dotted segmet is the intersection of the
plane with the disk bounded by cg.

Note that, at this point, any heavy multi-edge of G that has at least one elemertary arc on



acircle in K {¢p) has beencounted with its multiplicit y. Combining the bounds obtained above
for the seweral possibletypes of heavy elemerary arcs that we count while analyzing cg, we
concludethat the number of such arcsis at most

X
O n+ () =0 (9% (9+n: 1)
2 ( <o)

We now remove ¢ and all the circlesin K Ycg) from C. Note that the number of circles
that are removed may be smallerthan © Specically, wehave = © j( ¢)j+ 1, becausec
is multiply courted in % Howewer, sinceead sphere ; cortains at least one circle other than
co, and all thesecircles are distinct, it followsthat © 2 .

We then pick a new circle ¢; from the remaining circles, such that c¢; has at least k circles
meeting it at two points ead. If there is no sud circle, our pruning processterminates. Other-
wise, we repeat the above pruning step with c; asthe “base'circle, remove ¢; and the collection
K 1) of circles, and proceedto the next iteration of the process.

Let r be the overall number of itelgations, and let q;:::;  denote the number of circles
removed at ead iteration. We have jr:1 i n,and j > k for eathr j. Thusr  n=k.
Arguing as above, the total number of heavy arcs courted by our procedureis thus

X 3=2 - _ n2
O n+ 7 (j) =0(n*? (nN)+nr)=0 n*? () + -
j=1

We are left with a collection C° of circles, sothat eat c 2 C?meetsat most k other circles at

two points ead, and thus hasat most k elemertary arcs, for a total of at most O(nk) additional
arcs. The grand total number of heavy elemertary arcsis thus

2
O n®*? (n)+ n?+ nk

Choosingk = n'?, and adding the number of light elemenary arcs, we conclude:

Theorem 2.1. The numter of incidences between m points and n circlesin R3 is
O m™nZ2+n%2 N)+m 2)

where (n) = (logn)°C *(M)

2.2 Strengthening the bound

The bound in Theorem 2.1 is worst-caseoptimal whenm  n%* 3%2(n). For smaller values of
m, we apply the following problem decomposition in dual space.As in the precedingsubsection,
we assumethat no pair of circlesin C are coplanar.

Let denote the set of n planes cortaining the circles of C. Apply a standard duality
transform that mapsead point p2 P to aplanep andead plane 2 to apoint , sothat
incidencesbetweenpoints and planesare presened. In the dual space,we have a setP of m
planes,and a set  of n points, where eat point 2 is assaiated with the unique circle
that liesin the primal plane . Clearly, if a point p is incident to a circle c corntained in a plane

,then 2p.



Fix a parameterl r m, to be determined below, and construct a (1=r)-cutting of the
dual spaceinto O(r3) simplices, so that the interior of eah simplex is intersected by at most
m=r planesof P . The cutting is obtained in two stages,asin Chazelleand Friedman [8]. In
the rst stage,we choosearandom sampleR of r dual planes, construct the arrangemen A(R)
of R, and triangulate ead cell, using bottom-vertex triangulation. Simplicesthat are crossed
by at most m=r planesare part of the nal output. Simplices that are crossedby a set P
of m =r planes,for > 1, are further re ned into subcells, by choosing a random sampleR of
c log planesfrom P , for someabsolute constart ¢, constructing a triangulation of A(R ), as
above, and clipping its cellsto within . As shawvn in [8], there exist choicesfor the setsR, R ,
that result in a (1=r)-cutting of A(P ) consisting of O(r®) cells.

Consider rst dual points in that lie in cell interiors. We can further subdivide the cells
of the cutting into subcells, say, by a set of parallel planesin some xed genericorientation, so
that ead subcell corntains at most n=r23 points, and sothat the number of new cellsis still O(r 3).
For eadh cell , apply Theorem 2.1to bound the number of incidencesbetweenthe circleswhose
dual points lie in the interior of , and the points whosedual planescross . The total nhumber
of sud incidences,over all cells |, is

X m 23 n 23 m n 32 n
) — — +—+ —
r r3 r r3 r3
!
m 23 n 2=3 n3-2 n
=0 r® — - +mri+ — =
r rs r3=2  r3
!
2 oa 1o 2 n
-0 m¥Tp2yWWymp2ze 0
(32 3

We next bound the number of incidencesinvolving points  that lie on cell boundaries. If a
point  liesin the relative interior of a 2-dimensionalfacef of acell , we assignit to (there
can be at most two such cells , and we assign  to just one of them). Any dual plane incident
to , other than the one containing f, if any sud plane exists, will intersect the interior of |,
so the incidencesbetween the unique circle cortained in  and the points dual to the planes
incident to will then be counted within . In addition, we may miss at most one incidence
for eath of thesecircles (with the point whosedual plane contains f ). Summedover all facesf ,
these missedincidencesnumber at most n.

Consider next points that lie in the interior of an edgee of somecell and not in the
interior of any two-dimensionalface of another cell. Any plane that is incident to such a point

2 e and that doesnot contain e meetsthe interior of , so by assigning to , we will
capture in the preceding analysis ead incidence of this type involving (here the number of
cells may be large, but, asabove, we assign  to only one of them, chosenarbitrarily). The
planes that contain e constitute, in primal space,a set of collinear points, and no circle can
be incident to more than two of them. Hence, the number of incidencesbetween the circles
represered by points 2 e and the points dual to the planescontaining e is at most twice the
number of thesecircles. Summedover all edgese, we obtain a total of at most 2n incidencesof
this type.

Finally, considerpoints  that are verticesof the cells (and do not lie in the relative interior

of any face or edgeof another cell). Any vertex s either a vertex of the rst decomposition
stage, or a vertex of the secondstage, constructed within a cell of the rst stage.



In the former case, s the intersection point of three planesof R that do not passthrough
a common line. Fix one sud plane p,. Then is a vertex of the planar cross-sectionof the
arrangemert A(R) within p,. Any dual plane p that is incident to intersects p, in a line
" that passesthrough . The number of sud incidenceswithin p, is at most r, since” must
crossone of the planesof R at . In total, this yields a bound of O(mr2) on the number of
incidencesunder consideration.

In the latter case, is an intersection point of a triple of planesof R [ that do not
sharea line, for somesimplex of the rst decomposition stage,which is crossedby m =r dual
planes,for some > 1; here is the set of four planesbounding . At least one of the planes
of the triple belongsto R , or else  would be a vertex of the rst decomposition stage. Let
po be sudh a plane. Applying and adapting the analysis usedin the former case,we obtain a
total of O (m =r) ( log )? incidences,involving all vertices of the cutting in , and all
planesp 2 P . Summing this bound over all cells Witlh > 1, we obtain a total of

X
0 M 3102
r
It hasbeenshawn in [8] that the expectednumber of cells of the initial triangulation of A(R),
for which > t, isO(r® 2 Y). This implies that, with an appropriate choiceof R and R , the
sum just obtained is at most O(mr 2).

We sum up the bounds obtained so far, to concludethat

3=2
| (P;C)= O m%3n%3r 1=+ n~—~ n
! r3=2 r3

+ mr?

+n

We now chooser = n%11 &1(m3=n)=m*11 and notethat 1 r m whenn®™ m
n%* 32(n). If m > n>* 3%2(n), we usethe bound O(M?=3n%=2+ m), yielded by Theorem 2.1. If
m < n1= then | (P; C) = O(n), which follows, e.g., from the generalwealer bound O(m3®n*>+
m + n) obsenedin [2,3]. We thus obtain

|(P,C) =0 m6=11n9=11 2=11(m3:n) + m2=3n2=3+ m3=7n6=7 +m+n

(We have usedthe fact that n=r3 = O((m3=n)%11), which implies that (n=r3) = O( (m3=n)).)
The rst term dominatesthe third onewhenm n'™. For the sake of notational simplicity, we
rewrite 2711() as (), sinceboth of thesefunctions have the sameasymptotic expression,with
a dierent constart of proportionality in the exponert. Hence,we obtain the rst main result
of the paper:

Theorem 2.2. The numter of incidences between m points and n circlesin R3 is
O(m6=11n9=11 (m3:n) + m2=3n2=3+ m + n)’

where (n) = (logn)©C *()

Remark. Comparing our analysis with that of [1,6] for the planar case,we note that both
depend, in a very similar manner, on the number of cuts neededto eliminate all heavy elemenary
arcs in a planar arrangemeri of circles. Howewer, in the derivation of the weak bound, we
also have the expressionkn + n?=k, whose minimum value is ( n32). This happensto be
slightly smaller than the bound on the number of cuts that eliminate all heavy arcs (which is
O(n3%2 (n))), soit doesnot a ect the overall analysis. In particular, if the bound on the number
of cuts is ever improved to o(n3%2), this would improve the incidence bound in the plane, but
will not in itself improve the bound in three and higher dimensions.
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3 Circles in Higher Dimensions

Interestingly, Theorem 2.2 can be extended to any dimensiond 4, employing a variant of
the technique usedin the preceding section. Here is a somewhatinformal and brief overview
of the analysis. We proceedby induction on d, where the cased = 3 serwes as the induction
basis. The analysis of the number of light elemenary arcsis identical to the precedingone. In
analyzing heavy elemernary arcs, we make use of the fact that if ¢ and cy are two circles that
meet at two points then they both lie in a common 3-space. Hence,for a given basecircle cg, we
can\capture" all circlesthat meetit at two points within a system of hyperplanesthat rotate
about the a ne hull of ¢y, and apply the inductive bound for d 1 within ead hyperplane. We
then prune away cy and all these other circles, and repeat the process. With some care (see
details belaw), this yields the sameasymptotic bound asin Theorem 2.1. Improving the bound
proceedsby simply projecting all the circles onto some 3-space,and applying a cutting-based
decomposition there, asin the three-dimensional case.

3.1 An initial bound

We begin by extending Theorem 2.1.

Theorem 3.1. The numker of incidences between m points and n circlesin R, for anyd 4,
is
0O m*™n%=+n32 (n)+m ; (3)

where (n) = (logn)°C *(M)

Proof. Let P be a set of m points, and let C be a setof n circlesin RY.

By applying an appropriate inversionto RY, in complete analogy to the three-dimensional
case,we may assumethat no two circles of C lie in a common 2-plane.

The notions of elemerary arcs of the multigraph G, and of light and heavy edgesand arcs,
carry over to higher dimensionsverbatim. In particular, the number of light arcsis O(m2=3n2=3+
m + n), which is shavn exactly asin the three-dimensional case,by projecting the collections
C and P onto a generic2-plane.

The analysis of the number of heavy arcs proceedsby induction on d. Speci cally, we show:

Lemma 3.2. The numter of heavy elementary arcs in an arrangementof n circlesin RY is
O(n%2 (n)).

Proof. The proof proceedsby induction ond 3. The basecased = 3 follows from the proof
of Theorem2.1. Let d 4. Supposethe lemma holds in all dimensionsd®< d.

Fix a threshold parameter k. We again apply an iterative pruning processto the set C.
Supposethat there exists a circle cg 2 C with at least k other circles meeting it at two points
ead. Let K (cp) denotethe set of thesecircles, and let k denoteits cardinality.

Let ¢ bethe 2-planethat cortains cg. Choosesome(d 2)-at gy that cortains ¢, sothat
Jon o doesnot contain any certer of a circle of C or any intersection point of two sud circles.
Considerthe setH = H(cp) of all ((d 1)-dimensional) hyperplanesthat contain gp and at least
one circle of C besidescy. Note that suth a hyperplane contains a circle in K (cp) if and only
if it contains its certer. All the hyperplanesthat cortain gg form a 1-dimensionalfamily|their



normals trace the circle ¢ of vectorsperpendicularto gg onthe ((d 1)-dimensional) unit sphere
of directions. For eath h 2 H, let C(h) denote the set of circlesthat lie on 5; one of them is ¢y,
and someof them mighé not intersectcg at all. Put p = jC(h)j, and °= h2n  h- Note that

0> k. Put Kqg) = non C(h); this set contains ¢, the circlesin K (cg), and also possibly
somecirclesthat happento lie on somehyperplane h, without intersecting co. (Note that, since
no two circles of C are coplanar, no circle in K (cg) can have its certer on ¢, becauseany suct
circle would have to be coplanar with cg.)

Fix a hyperplaneh 2 H, considerthe set C(h), and assaiate with it the multigraph G(h)
that is formed by all elemertary arcs on the circlesin C(h). The induction hypothesisimplies
that the number of heary elemerary arcsin G(h) is O( 2> ( 4)). Similar to the situation for
d = 3, this only counts elemerary arcs on circles of C(h), whose endpoints are shared by at
least one additional circle from C(h), where they also delimit an elemernary arc.

Supposethat ¢;c°6 ¢, are two circlesthat lie on di erent respective hyperplanesh; h®, and
meet ead other at two points p;q, sothat p and g delimit elemerary arcs along both ¢ and
c® This interaction betweenc and cCis not recordedin the bounds just mentioned, but we can
bound the number of thesearcs, exactly asin the three-dimensionalcase,as follows: Note that
p and g must lie on ¢ (they lie in gp, and the choice of gy ensuresthat they cannotlie in gon o).
Sinceany circle in C nfcpg intersects ¢ in at most two points, it follows that there can be at
most one such elemernary arc along eat circle ¢ 2 K 4¢p). Hence,the number of thesearcs is
at most ©

h 000

h0o p°0d

h 0 qOOO

(a) (b)

Figure 2: Elementary arcs along a circle c that doesnot lie in any hyperplaneh 2 H (as seen
when projected onto a 2-plane orthogonal to gp).

Let c be a circle that doesnot lie in any of the hyperplanesh of H. Then ¢ meetsead of the
hyperplanesh 2 H in at most two points. We wish to bound the number of heavy elemerary
arcs along ¢ that have common endpoints with somecircle c°2 K Ycy) where they also delimit
an elemerary arc. We claim that the number of such arcsis at most two; the proof is identical
to the analogousproof in three dimensions. Speci cally, supposec® c®®c®%re three circles, lying
on three distinct respective hyperplanesh® h®h%%hrough go, sothat eah of them meetsc at
two points, denoted respectively as f p% q; f p°% a°; f p°%°%°Y. To determine the order of these
six points along ¢, we project the set of circles orthogonally onto a 2-plane orthogonal to gg. If
the disk boundedby ¢ meetsgy then, up to relabeling ¢ c°°c°%nd interchanging the p's and g's,
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the order must be p& p® p%%% q°°q°%qseeFigure 2(a)); otherwise, it must be p® p®p®29q0%%0Y o°
(seeFigure 2(b)). Howewer, neither order is consistert with the requiremert that p%¢ p®¢°° p@9ge0
be distinct elemenary arcson c; speci cally, they are not disjoint, asthey partially overlap in
case(a) and are nestedin case(b). This establishesthe claim. Hence,any circle ¢ not in K {cp)
contains at most two elemenary arcs of the type under consideration, for a total of at most 2n
additional arcs. Adding the companion elemerary arcs along circles in K 4¢), if needed,as
in the three-dimensional case,we obtain at most 2n more arcs. The overall number of heavy
elemertary arcsthat we count while analyzing cg is thus at most

X 3=2 3=2
o S (m+n =0 (92 (9+n
h2H
We now remove cq and all the circlesin K {cy) from C. Clearly, any heary multi-edge of G

that hasat least one elemenary arc on a circle in K cp) is courted, with its multiplicit y, in the
bound just given.

The described iterativ e processis repeated until no circle ¢ 2 C hask or more other circles

meeting it in two points e,g(h. Let 1;:::; ; denotethe number of circlesremoved at eah step
in the process. We have J_r:l i h,and j; > k for ead j. Thereforer n=k. Arguing as
above, the total number of heavy arcsin G is thus

X n2

O 2 (p+n =0(n*2 (n)+nr)=0 n*2 (n)+

=1 k

We are left with a collection C° of circles, sothat ead ¢ 2 C°meetsat most k other circles at
two points ead, and thus hasat most k elemenary arcs, for a total of at most O(nk) arcs. The
grand total number of heavy elemenary arcsis thus

2
0 n32 (n)+ ”?+ nk

Choosingk = n'? yields the bound assertedin the lemma. This completesthe induction step,
and thus also the proof of the lemma. O

We return to the estimation of | (P;C). Using the bound of Lemma 3.2 on the number of
heavy elemerary arcs, and adding the number of light elemerary arcs noted above, we obtain:

1(P;C)= 0 m*n2+n%2 (n)+m ;

thus completing the proof of the theorem. O

3.2 Strengthening the bound

To improve the bound of Theorem 3.1, we project P and C onto some generic 3-space. The
circles of C are mapped to ellipses, and incidencesbetween points of P and circles of C are
mapped to incidencesbetween the corresponding projected points and ellipses. Let P and €
denote, respectively, the projected sets of points and circles. By using a generic projection, we
may assumethat no two ellipsesin € are coplanar.

We passto the dual 3-space,and map the points of P to planesand the ellipsesof € to
points, dual to the planescontaining the ellipses. From this point on, we can repeat the analysis
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of Section 2.2 almost verbatim, exceptfor the following items: (i) Within ead cell of the cutting
we apply Theorem 3.1 to bound the number of incidencesbetweenthe corresponding original
points and circlesin d-space. (i) When we considerdual points  that lie on an edgee of the
cutting, we note that, sincethe projection onto 3-spaceis generic, the primal points p whose
duals cortain e must be collinear not only in the projected 3-spacebut alsoin the original RY,
so the analysis of this casecarries over easily to d dimensionsas well. Omitting further easy
details we obtain the improved bound, which is asymptotically identical to the bound in three
dimensions:

Theorem 3.3. The numter of incidences between m points and n circlesin RY is
O(m6=11n9=11 (m3:n) + m2=3n2=3+ m + n)’

where (r) = (logr)°C 2.

4 Convex Non-coplanar Plane Curv es

Generalcorvex plane curvesthat lie in distinct planesare handledin substartially the sameman-
ner ascircles, exceptthat the argumert that we usedto derive the weak bound in three dimen-
sions, in which circlesthat form heavy elemenary arcswith a xed circle ¢y can be \captured”
by a system of spheresthat passthrough cg, cannot be extended to general curves. We thus
use here a signi cantly dierent argument, which results in a somewhatwealker initial bound.
Additionally , the boundsin higher dimensionsfollow immediately from the three-dimensional
argumert.

4.1 The three-dimensional case
411 An initial bound

Let C be a set of n arbitrary cornvex plane curves, no two in a common plane, and let P be a
set of m points in 3-space.Let | (P;C) denote the number of incidencesbetweenP and C.

As above, we also assumethat ead curve of C contains at least three points of P, since
the remaining curves only contribute at most 2n to the incidence court. The notions of an
elemertary arc, of light and heavy arcs, and of the multigraph G that represerts the incidence
structure, are de ned in complete analogy to the caseof circles. Our analysisalso allows (some
of) the given curvesto be unbounded. In this case,the number jGj of edgesof G satis es
iG] 1 (P;C) n. Thus, bounding jGj su ces in this casetoo.

As in the caseof circles, the number of light arcsis O(m2=nZ=3+ m + n). It thus remains
to bound the overall number of heavy arcs.

We start with somede nitions. A con gur ation consistsof four curvesc;cy;c;c3 2 C and
three pairs fpy; g, fp2; g, and f p3; gzg of points from P, such that (refer to Figure 3):

(i) The curvesc; and c intersect at the two points p;; g, for i = 1;2; 3.

(i) The six points p1; qi; P2; tb; P3; O Of P are distinct (making the three curvescy; ¢;; c3 distinct
as well).

12



Figure 3: A con guration.

(i) Fori = 1,2;3, pi and g are conseutive points of P both along ¢; and along c; thus all
three edgesf p;; g g are heavy edgesof G.

We do not distinguish con gurations that di er only by a permutation of the indices1; 2; 3. Since
a con guration, when it exists, is completely determined by its four curves, we will sometimes
referto it as(c;cy; Cp; C3), instead of the somewhatmore awkward, even if more accurate notation

(c;cC1;C2;C3; P1; Qs P2; s P3; O3).  The main technical tool usedin our analysis is the following

lemma.

Lemma 4.1. Let cq;cp; ¢z be three distinct curvesin C. There are at most 128 curvesc 2 C
forming a con gur ation with c¢1; cp; c3, for any choice of points p1; th; p2; G; P3; G-

Proof. Let c1;¢y;c3 bea xed triple of curvesin C. By our non-coplanarity assumption, the
curves cp; Cp; c3 lie in three distinct respective planes 1; »2; 3, and no curve c that forms a
con guration with this triple is coplanar with any of them. Let A denote the arrangemen of
thesethree planes. A hasa singlevertex o, unlessthe three planesare parallel to a commonline.
Consider rst the casewhere the vertex o exists. In this case,A has eight three-dimensional
cells, eath being an in nite trihedral wedgewith its apex at o.

Supposeto the cortrary that there are at least 129 curvesc 2 C that form a con gu-
ration with cp;cp;c3, as above. Let ¢ be a curve that forms a con guration of the form
(c;C1; C2;C3; P1; Qs P2; ;s P3; O3) With ¢p;¢p;c3. Consider the elemertary arc pip along c. Its
endpoints lie on 1, and it cannot meet , or 3, becauseany sud intersection must be a point
of P where ¢ meetsc, or cz. Hence,p; and g, lie in the same 2-face of A, and similarly for
p2; &, and for ps; gs.

This is easily seento imply that, if we remove from c the three (closed) elemenary arcspiq;,
for i = 1;2;3, the remainder of ¢, which we denote by c, is fully contained in a single (open)
three-dimensionalcell of A. SeeFigure 4. Sincethere are eight suc cells, at least one of them,
call it , must cortain the truncations c of at least 17 of the curvesc.

Consider one such curve c. The plane corntaining ¢ meetsead c;, for i = 1;2; 3, at the
two respective points pi; g. We say that ¢; lies on the near side (resp., the far side) of if the
elemertary arc pjg along ¢ lieson the sideof that doesnot cortain (resp., cortains) o. (Note
that cannot passthrough 0.) There are 8 = 22 possiblecombinations of sidesfor any plane

containing sudh a curve c (one of two sidesfor ead of c;; cp; c3), sothere exists at least one
such combination that arisesfor at least three out of the 17 curvesc as above. We denotethese
curvesby c;c® c% and their containing planesby ; ¢ 99 We considerthe following cases:
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Figure 4: A three-dimensional cell , bounded by the planes 1; »; 3 cortaining ci;Cy;Ca,
respectively. A “clipped' curve ¢ within  is shawvn.

() All three sidesare of the samekind, say all are far sides. For ea i = 1;2; 3, remove from c;
the three elemenary arcsthat it forms with c¢;c® c®® Denote the portion of the remainder of ¢;
that lieson @ by ¢;. Note that ead ¢ is nonempty, becausec; meetsead of c;c® c®at a pair
of points that lie on @. Then ¢y, ¢p, c3 are all cortained in the intersection of the three closed
halfspacesthat are boundedby ; ¢ %and do not cortain o, and of the three closedhalfspaces
that are boundedby 1; »; 3 and intersectin . Let K be the convex polyhedron formed by
the intersection of these six halfspaces. Then K has six facets, and eat of the three (closed)
facetsthat lie onthe planes ; ¢ %meetsead of the three (closed)facetsthat lie on the planes

1, 2; 3. To seethis, consider, for example, the two points ps1;q of intersection of ¢ and c;.
Then: (a) Sincep; and q; lie on @, they lie in the appropriate halfspacesthat are bounded by

1; 2, 3. (b) Both points lie on . (c) The halfspaceh® under consideration that is bounded
by ©cortains all of c;, except for the elemenary arc of ¢; delimited by its intersectionswith
c®. Sincep; and g; do not lie in this arc, they lie in h® and, similarly, also in the appropriate
halfspaceboundedby ©0 This implies that p;; o lie on an edgeof K where and 1 meet, and
similarly for all other relevant pairs of curves (nine pairs in total). In other words, @ yields
an impossibleplane drawing of K 3.3 cortained in its dual graph. That is, we x a point inside
ead of the six facets, and connect, say, the point on the facet of ; to the point on the facet
of by an appropriate path, consisting of two segmeits, within the union of the two facets,
and similarly for all other relevant pairs of facets. This cortradiction rules out this case. (The
situation where all sidesare near is arguedin exactly the samemanner.)

(i) Two sidesare of the samekind, and the third is of the opposite kind. Without loss of
generality, assumethat ¢; and ¢, lie on the far sideof :; ¢ 90 and that cz lies on the near side
of ; & 9 penoteby . (resp., ) the halfspaceboundedby and cortaining o (resp., not
cortaining o), and de ne similarly the halfspaces ¢, °, 9 and % Assumethat ; ¢ 00
meetat a singlepoint . ThenQ* = ,\ ¢\ PandQ = \ 2\ 9arecomplemenary
trihedral wedgeswith a common apex g. De ne the truncated curvesc;, ¢y, cz as above; again
they must be non-empty. Note that must meet both Q* and Q , becausec;;c, Q , and
cz Q. Note that this implies that the point g doesexist. Indeed, if it doesnot exist then
;& 003re all parallel to somedirection, which implies that at leastoneof Q*;Q is a dihedral
wedge, bounded by only two of these planes. Howewer, this wedgecontains at least one of the
truncated circles c;; ¢y; ¢z, which meetseah of : ¢ at two distinct points, a cortradiction

that shovs ; ¢ %must meetin single point q.
There are two subcasesto consider:
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(@) (b)

Figure 5: Case(ii) of the proof: (a) q2 , (b) q62 .

(i.a) contains g. SeeFigure 5(a). Considerthe convex polyhedron K = Q \ . Arguing
asin case(i), K has(at least) v e facets,boundedby the planes 1; 2; ; ¢ % and three of
them, those lying on the planes ; ¢ % meet at the common vertex g. In this case,we also
obtain an impossible plane drawing of K 3.3 along @< , in which the nodes of one vertex set
are (points within) the facetsthat lie on ; ¢ 90 and the nodes of the secondvertex set are
the vertex g and (points within) the facetsthat lie on 1; ». The edgesconnectingthe points
on the facetsof ; ¢ %to the points on the facetsof 1; , are drawn asin case(i); the edges
incident to q are trivial to draw. This cortradiction rules out this subcase.

(ii.b)  doesnot cortain g. Draw through qaplane that misses ; must crossboth Q* and
Q , orelse could not meetboth of them; seeFigure 5(b). Considerthe threelines* 1= \ ©
o=\ 995 = O\ 00 Eanh line 7 is split at g into two rays, one of which, denoted‘j", is
an edgeof Q*, and the other, denoted ‘j , iIs an edgeof Q . Considerthe halfspaceh bounded
by andcontaining . Then either h corntains two of the rays J" and one of the rays ‘J- , or the
other way around. Suppose,sa, that h cortains *], '3, 5. Then the facet' of Q delimited
by ", and ", (this isthe facetlying on ) is fully disjoint from h and thus alsofrom . However,
c and ¢, sa, must meet eah other within \ Q (sincec; liesin the far sideof ; ¢ 99 or,
rather, within \ ' . Sincethis intersection is empty, we obtain a cortradiction that rules out
this subcasetoo.

Sincethe planes ; ¢ %play fully symmetric rolesin the precedingargumert, it appliesalso
to any other casewhereh corntains two “positive' rays and one “negativwe' ray. The caseswhereh
cortains two negative rays (say, ';; ,) and one positive ray ('3 ) is handled by consideringcs,
which hasto meet c within \ Q*, which is impossible,sincethe facet of Q* that is bounded
by s disjoint from

If the planes 1; »; 3 do not meet at a single point and do not sharea common line, a
near-idertical argumert applies,the only di erence beingthat A hasno vertices,so is athree-
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sided prism rather than a trihedral wedge. (The notions of near and far sidesneednow to be
rede ned in a consistert, though obvious, manner.) Finally, we needto considerthe casewhere

1; 2; 3 sharea common line. If there existed a curve c that formed a con guration with
C1; C2; C3, arguing asin the preceding analysis, we would concludethat the truncated portion ¢
of ¢ would have to lie fully within a single open cell of A. Howewer, any such cell is bounded by
only two of the planes 1; »; 3, soc cannot form an elemenary arc with the curve that liesin
the remaining plane. Hence i1; »; 3 cannot sharea line.

This completesthe proof of the lemma. O

Continuing with our main argumernt, let Q denote the set of all con gurations. Lemma 4.1
implies that jQj = O(n3). A lower bound for jQj is obtained as follows. Fix a curve ¢ 2 C that
contains M 3 heavy arcsthat do not shareendpoints. Any other curve cortributes at most
six incidencesinvolving heavy arcs, for a total of O(n). (The maximum number six is attained
when ¢ contains two pairs of heavy arcs, ead sharing a common endpoint. Together, thesefour
arcs have six endpoints.) Each of the MSC triples of those heavy arcs on ¢ generatesa distinct
con guration in Q. (In general,it may generatemore than one con guration.) Hence,we have

X
Q) Me
c2C

Mec
In other words, the total number of heavy arcsis at most

X X
o(n) + O Mc =0 +0  (Me 2)
M 3 C
X M. 1
o(n)+ O ¢ n=s

o(n%3):
The secondequation follows from Helder's inequality. We have thus shown:

Theorem 4.2. Let C be a family of n convex plane curvesin R2, no two in the same plane.
Let P be a set of m points in R3. Then | (P;C) = O(m%23n%=3 + m + n%3).

4.1.2 Strengthening the bound

The bound in Theorem 4.2 is worst-caseoptimal when m  n3=2, For smaller values of m, we
apply an essetially identical analysisto the onegivenin Section 2.2, which considersthe points

of P and the (distinct) planescortaining the curvesof C in dual space. The main di erences
are: (i) Within ead cell of the cutting we apply Theorem 4.2to bound the number of incidences
betweenthe corresponding original points and curves. (i) When we considerdual points  that

lie on an edgee of the cutting, we note that, asabove, the primal points p whoseduals contain

e are collinear, and any corvex plane curve can be incident to at most two of them. Thus the

analysis of this casecarries over easily to the situation at hand.

To summarize,the number of incidencesinvolving dual points  that lie in the interiors of

the cells of the cutting is
| |
X m 23 n 23 m n 53 . n5=3.
= + 4 =0 mZ3n23rBy mr2+ ~

0] — —
r r3 r r3
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As described above, dual points that lie on cell boundariesare handled asin Section2.2. That
is, they are assignedto neighboring cells and/or cortribute O(n + mr ?) additional incidences.

In total, we thus obtain

2 o2 1.2 N>
| (P;C)= 0 m%3nZ3r =8+ 7t mr?+ n
We now chooser = n®’=m?*’ andnotethat 1 r mwhenn®™ m n3%2 If m> n3?
we usethe bound O(m%3n2=2 + m), yielded by Theorem 4.2. If m < n¥=2 then | (P;C) = O(n).
This follows sincethe bipartite incidencegraph f(p;c) 2 P Cjp 2 cg doesnot cortain K 3.2,
so, by extremal graph theory [15], the number of incidencesis O(mn2= + n) = O(n). We thus
obtain
I(P:C) = O m*nl™2L 4 m23,2=8 1 mB3<Tn6<T 4 m 4

The rst term dominatesthe third onewhenm n1=3. Hencewe obtain the main result of this
section:

Theorem 4.3. The number of incidences between m points and n convex plane curvesin R3,
no two in the sameplane, is O(M*'n1"=21 + m23n2=3 + m + n).

4.2 Extensions to nonconvex plane curves and to higher dimensions

Theorem 4.4. Let C be a collection of n convex plane curves, no two of which lie in a common
2-plane, and let P be a set of m points in RY, for anyd 4. Then I (P;C) = O(m*'n1721 +
m?=3n2=3+ m+ n).

Proof. We project the curvesand points onto somegeneric3-space.In the projection, the curves
of C remain corvex and planar, and no two of them are coplanar, sowe can apply Theorem 4.3
to obtain the bound. O

Theorem 4.5. Let C be a collection of n distinct plane curvesin RY, so that each curve is
semialgebaic of constant descriptive complexity, and so that no two curves lie in a common
plane? Let P be a set of m distinct points in RY. Then the number | (P;C) of incidences
between the points of P and the curvesof C is O(m*'n1=21 + m2=3n23 + m + n).

Proof. Each curve in C can be decomposedinto at most ¢ arcs, for some constart c, eah of
which is algebraic of someconstart maximum degreeb. Each arc hasthusat mostb 2in ection
points, and cutting it at thesepoints decomposest into at mostb 1 corvex subarcs. Altogether,
ead original curvein C is decomposedinto at mosta = (b 1)c corvex pieces.We replaceC by

of C, and go that no two curvesin the same collection C; lie in a common 2-plane. Clearly,
I (P;C) ia=1 I (P; Cj). The theorem is now an immediate consequencef Theorem4.4. O

Theorem 4.6. LetShea(d 1)-dimensional semialgebaic surfacein RY of constant descriptive
complexity, let P S be a set of m distinct points on S, and let  be a setof n distinct 2-planes
in RY. Then the number | (P; ) of incidences between the points of P and the planesof s
O(M*n1721 + M23n238 + m + n).

2A semialgebaic set of constant descriptive complexity is a set de ned asa Boolean combination of a constant
number of polynomial equalities and inequalities in a constant number of variables and of constant maximum
degree.
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Proof. Apply Theorem4.5to P and the set of planecurvesf \ Sj 2 g. O

5 Applications

Congruen t tetrahedra and distinct distances. Theorems2.2 and 3.3 can be applied (a)
to improve the bound, obtained in [2], for the number of congruen tetrahedra in a point set
in four dimensions, and (b) to derive the bound, obtained in [5], for the number of distinct
distancesin three dimensions. Speci cally, we have:

Theorem 5.1. Let P be a setof n points in R*, andlet  be a given tetrahedron. The numkber
of congruent copiesof  that are spanned by the points of P is O(n2%°*"), for any " > 0.

Theorem 5.2 ( [5]). Let P be a set of n points in R2. Then (a) the number of distinct
distances determined by P is ( n%®#®), and (b) furthermore, there always exists a point of P
that determines ( n%%40) distinct distances to the remaining points of P.

The proof of Theorem 5.1 is an immediate adaptation of the proof in [2], where the bound
on the number of point-circle incidencesin 4-spaceis replaced by the bound in Theorem 3.3.
The proof of Theorem 5.2, given in [5], makes use of the bound on the number of point-circle
incidencesin 3-space(Theorem 2.2).

Incidences between lines and reguli.  Given three pairwise skew lines " 1;»; 3 in R3, the
set = (T1; 2; 3) of lines meeting all thr§e linesis called a regulus All linesin are pairwise
skew, and they spanaruled surface = ., "in R3, which is a quadric. See[18,19] for more
details. Note that we make a distinction betweenthe regulus , that is a 1-parameterfamily of
lines, and the ruled surface that it spans. An \incidence" betweena line * and a regulus
meansthat ~ belongsto the family and implies (but is not equivalert to) that ~ is contained in

. The following result is a special caseof Theorem 4.6 and is of interest due to its application
in [13] to deriving an improved bound on the number of joints in an arrangemen of lines in
three dimensions.

Theorem 5.3. Let L be a set of m lines in 3-spce, and let R be a set of n reguli in 3-
space. Then the number | (L; R) of incidences between the lines of L and the reguli of R is

Proof. We usethe well known represenation of linesin spaceby their Plucker coordinates; see,
e.g.,[9] for details. Here a line ~ is mapped to a point p- on a 4-dimensionalquadric , known
as the Plucker surface, in real projective 5-spaceRP°. Dually, * is mapped to a hyperplane -
in RP®. Two lines in spacemeet ead other (including the caseof being parallel) if and only if
the Plucker point of one of them lies on the Plucker hyperplane of the other. Considera regulus
2 R which is the locusof linesthat meetsometriple "1; »; 3 of pairwise skew lines. In Plucker
space, is the one-dimensionalcurve -\ -,\ -\ that is the intersection of the 2-plane
2\ o,V o, with . It iseasilychekedthat -,\ -,\ -, isindeeda 2-plane,and that the n
2-planesthat arisein this manner are distinct. The theorem is thus an immediate consequence
of Theorem 4.6. O
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6 Conclusions

The paper raisesse\eral open problems:

Improve the upper bound on the number of incidencesbetween points and circles in RY.
Of course,the rst stepis to improve this bound in the planar case,a problem already
posedin [1,6].

Improve the upper bound on the number of incidencesbetween points and non-coplanar
plane curvesin RY. Can oneat least extend the bound of Theorem 3.3 to the caseof plane
curves?

Can one obtain an improved bound for the special caseof unit circlesin R9? This is the
casein the plane, where the bound for the number of incidencesbetweenm points and n
unit circlesis O(m?23n%=2+ m + n) [10,20,21].
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