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Abstract

A closedsolid body sepaatesone point setfrom anotherif it containsthe formerandthe
closureof its complementontainsthe latter We presenta nearlinear algorithmfor deciding
whethertwo setsof pointsin  canbe separatedby a prism, nearquadraticalgorithmsfor
separatindy a slabor awedge,anda nearcubicalgorithmfor separatindy a doublewedge.
The latterthreealgorithmsimprove the previous bestknown resultsby anorderof magnitude,
while the prism separabilityalgorithmconstitutesanimprovementof two ordersof magnitude.

1 Intr oduction

Many problemsn supervisednachindearningcanbeformulatedasclassifyingobjectsinto a nite
setof catgories,basedon a giventrainingset. In its simplestform, eachobjectin the training set
islabeled or ,andthegoalisto build apredictorbasednthistrainingsetthatenablesisto
classifya new objectinto oneof thesetwo classesBecausef its wide rangeof applicationsthis
fundamentatlassi cationproblemandits generalizationhave beenextensvely studiedn machine
learning. Numerouspowerful learningtechniqguesuchasdecisiontrees,boosting,supportvector
machinesJogistic regression,etc. have beendevelopedin the last two decades.Seethe recent
book by Hastieet al. [14] for a discussioron theseand othertechniques.Despitetheseadwances
in statisticaltechniguesrelatively little progresshasbeenmadeon combinatorialtechniquegor
classi cation,especiallyin threeandhigherdimensions.

In this paperwe studythefollowing simplegeometricversionof the above classi cationprob-
lemin , alsoknown asthe sepanbility problem: Let beasetof pointsin , andlet
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beanothersetof pointsin . Givenafamily of closedthree-dimensionabodies , determine
whetherthereexists suchthat and andif soreturnsuchabody
This separabilityproblemis obviously aninstanceof supervisedearning,astheseparator canbe
usedto predictthe classof anarbitrarypointin . Namely if apointliesin , weassignitto
otherwiseto

Relatedwork. If istheclassof all half-spacesthe separabilityproblemcanbereducedo lin-
earprogrammingandsolvedin lineartime for ary x eddimension19], andalgorithmsareknown
for nding an“optimal” separatindhyperplang22]. Most otherwork in computationageometry
on separabilityand/orclassi cationhasfocusedon two-dimensionaproblems.A seriesof papers
studiedthe problemof separatingwo setsin the planeby a circle (or a disk, in above terminol-
ogy), eventuallyleadingto a lineartime algorithmby O'Rourke et al. [21]. Recently researchers
have studiedthe problemof separatingwo planarpoint setsby other objectssuchas a corvex
polygonwith the minimum numberof edgeg11], a doublewedge[15], a wedge,or a strip [16].
Arkin et al. [3] proved an lower boundfor mary of theseseparabilityproblems. The
problemof separatingwo planarsetsby a simple polygonwith the minimum numberof edgess
known to be NP-completg13] andan approximatioralgorithmis given by Mitchell [20]. See[2]
for severalotherrelatedseparatiomesultsin theplane.

Relatively little is known aboutthe separabilityproblemsin threeandhigherdimensions.The
algorithmby O'Rourke extendsto higherdimensions.Recently Hurtadoet al. [17] proposectu-
bic or slightly supercubic separabilityalgorithmsin when is the family of slabs(regions
boundedby pairsof parallel planes),corvex dihedralwedges(intersectionf two half-spaces),
in nite corvex prisms,andin nite corvex cones.They alsodevelopedan algorithmfor de-
ciding separabilitywith a doublewedgeandalgorithmswith runningtimesrangingfrom to

for otherthree-dimensionaeparabilityproblems.Researcherlave alsostudiedthe prob-
lem of separatinggeometricobjectsotherthanpoints. Seeg[7, 8] andreferenceshereinfor several
suchresults.

Our results. In this papemwe developseparabilityalgorithmsfor severalfamiliesof separatorgn
. In particular we obtainthefollowing results:

(i An deterministicalgorithmfor separatindy a (corvex in nite) prism.

(i) An expected-timgandomizedalgorithmfor separatingy a slab;a deterministic
algorithmwith the sameworst-caseunningtime alsoexists.

(i) An expected-timerandomizedor an -time deter
ministic algorithmfor separatindpy a (corvex dihedral)wedge.

(iv) An expected-timerandomizedor an -time deter
ministic algorithmfor separatindpy a doublewedge.



Finally, we alsostudythe problemof separatindyy a (corvex in nite) cone. Currentlywe do
not have a subcubicalgorithmfor coneseparabilitybut we prove a numberof structuralproperties
of coneseparabilitythat, we believe, shouldyield an algorithmfor this problem.

Our resultsrely on techniquedgrom the algorithmictheoryof arrangementandon geometric
datastructures.Theseresultsimprove the previously known boundsby at leastan orderof magni-
tudeand,in the caseof prisms,by two ordersof magnitude.We believe thatour approactcanbe
extendedto derive improved algorithmsfor otherseparabilityproblemsin  , including onesfor
which no non-trivial solutionsarecurrentlyknown, suchasthe casesf circularcylinder or circu-
lar coneseparatorsyhich werestatedasopenproblemsin [17]. We considerour resultsto be of
particularappealdueto the conceptuaskimplicity of the problemsstudied.

2 General Approach

Before presentingour speci ¢ results,we devote this sectionto describingthe generalapproach
takenin this paperaswell asafew geometricconceptghatwill becrucialfor ouralgorithms.

Minimal separatorsand their representation. We call abody acontainer(with respect
to )if . A containeris calledminimalif thereis no othercontainer in with
Finally, a (minimal) container is calleda (minima) sepaator if

Thefamilies thatwe studyin this paperhave the propertythat a minimal containercanbe
representedsapointin alow-dimensionakpacelespitethe possibilitythatits combinatoriacom-
plexity maybe . For example,a minimal prism containercanbe representetby the direction
of its axis. Indeed,if we x adirection ontheunit sphere , thenthereis a uniqgueminimal
prismcontainewith this axisdirection,namely theoneformedby the Minkowski sumof
with theline throughthe origin in direction . Hencethe setof minimal prism containersanbe
representetty . Similarly, if is thefamily of conesin , thena minimal conecontainercan
berepresentedly its ape, apointin

Let betheparametricspacehatrepresentthesetof minimal containersn ,i.e.,
eachpointin  correspondso a containerin  thatis minimal with respecto , suchthatevery
minimal containeris representedby a pointin  in this way. With a slight aluseof notation,we
will not distinguishbetweena pointin  andthe correspondingninimal container . Given
aset of pointsin |, let denotethe setof minimal separatorskor a point

, let denotethe setof minimal containerghatalsocontain , i.e.,for each ,
. Then .1 The problemof determiningwhetherthereexists a
body thatseparates from is equivalentto determiningwhether

Onepossibleapproachs to boundthe combinatorialcompleity (i.e., the total numberof ver
tices,edgesandfacets)of andto computea boundaryrepresentationf in time roughly pro-
portionalto its compleity. However, in mostcaseswe do notcompute in its entiretybecausehis
couldbe quite expensie. Insteadwe prove variousgeometricandtopologicalpropertiesof and

1Strictly speakingby we meaninteriorof  relativeto , butwewill ignorethistechnicality



designfasteralgorithmsfor detectingwhether . For example,we shaw thatif is the setof

prismsin  , then canberepresentedstheintersectiorof tworegions and onthe

unit sphere.We computea compactrepresentationf eachof and andusingthis representa-

tion determinan time whether , eventhoughtheworst-caseompleity of
is . Similarly, for the caseof wedgesanddoublewedgeswe searchover various

crosssectionf  to detectits non-emptiness.

We male the following assumptiongor the sale of simplicity. The algorithmscan easilybe
modi ed to work for thegenerakase.

(Al) Thepoints arein generalposition,in the sensethat no two pointshave the same -,
-, or -coordinateno two pointslie onaline passinghroughthe origin, no threepointsare
collinearor lie in acommonvertical plane,andno four pointsarecoplanar We alsoassume
thattheorigin liesin theinterior of

(A2) . (This assumptioremphasizeshat, for the sale of consisteng in
exposition,we chooseto view  asa closedset. In particular a minimal container ,
suchthat but is still consideredo be a separatoy

(A3) Since isafamily of corvex bodiesin Sections3—5(notethatdoublewedgesarenotcorvex),

we assumehat in thesesections.Indeedif ,
thennobodyin canseparate from and,sincewe aredealingwith pointsetsin  , we
cancheckthis conditionin time.
Arrangements. Let beasetof hyperplanesn . Thearrangementof , denotedby
, is the decompositiorof into (relatively open)cells sothat eachcell is a maximal con-
nectedregion thatlies in the samesubsetof . Eachcell of is a convex polyhedron.The
combinatorialcompleity of a -dimensionatell ,denotecas |, isthenumberof cellsof
of dimensionlessthan thatarecontainedn , theboundaryof ; see[l] for asuney onar
rangementslt is well known thatthe compleity of a singlecell in is andthat
the complity of the entirearrangemenis . Thelower (resp.uppel) ervelopeof isthe
boundaryof the -dimensionatell of thatliesbelow (resp.above) all hyperplanesf . The
zoneof  with respecto asurface , denotedas , isthesetof -dimensionatellsof
thatintersect . if isacorvex surlaceand if isa
hyperplang5].

3 Prism Separability

In this sectionwe assume to bethe setof (corvex in nite) prismsin . Recallthata prism
is the Minkowski sumof a closed,corvex body with aline . Thedirectionof is referred
to asthedirectionof . Since is afamily of corvex bodies,we describethe algorithmunder
Assumption(A3). As mentionedin Section2, for a direction , the Minkowski sum of
andalinein direction throughtheoriginistheminimal prismcontainer in direction
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Note that and are the same,but for simplicity we distinguishthem. We thus
represent , thesetof minimal prismcontainershy . We rst analyzethestructureof andthen
describehealgorithmfor determiningwhether

Structureof . Forapoint ,let  betheunionof raysemanatingrom and
intersecting ,i.e., istheconewith apex spannedby . denoteghecone

translatedby thevector |, soits ap« lies atthe origin. Set , .e., theset
of directions suchthattheray emanatingrom in direction intersects . Thefollowing
lemmais straightforvard.

Lemma 3.1. For anypoint ,

Hence,
Thesecondequalityfollows from Assumption(A2). Let . Then
Hurtadoetal. [17] have provedthatthe complity of is . Herewe presenttopolog-

ical propertyof thatwill be usefulin developingthe algorithmfor testingits emptinessbut we
rst prove thefollowing propertyof

Lemma 3.2. Let and betwo pointsin . if and only if andthe
sgment doesnotintersect . (SeeFigure 1(i).)

Proof. Suppose andthe sggment  doesnot intersect . Let beadirectionin
, I.e., theray emanatingrom in direction intersects . Let betheray emanating
from in direction . Then since . Note that consistsof two
connecteccomponentspne of which is boundedandcontainsboth and . Since is unbounded
andemanatefrom , it mustintersect , therebyimplying that , asclaimed.

Corversely suppose and intersects , thentheray emanatingrom
in direction  doesnot intersect , therebyimplying that . Next, assumehat
. Let betheline . If meets , then  misses because . So
the complementaryay of mustintersect , proving that . Sowe may assume
that doesnotintersect . Withoutlossof generality we assumeéhat isthe -axisand
liesto therightof . Let beaplanecontaining andintersecting . ldentify  with the
-planeandassumeét meets in the half-plane . Let bethedirectionof theright
tangentof from . Thentherayfrom in direction doesnot intersect ,
implying that . Hence, . In fact,we canprove anevenstrongerclaimin this
casewhichwewill needin Lemma3.6belov. Let  (resp. ) bethesetof directions for which
theray emanatingrom (resp. ) in direction andlying in theplane intersect . We
have alreadyshavn that . Similarly, we canarguethatthe directionof the left tangentof
from doesnotbelongto . Hence, ,and and arenotnested. O
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Considera collection of closed,simply connectedegionson a topologicaldisk or a sphere.

We saythat crossif both and aredisconnectedseeFigure 1(ii). is
consideredh family of pseudo-disk# no two of its memberscross. Let . For
simplicity, we assumehat and ,forary , intersectransersally if atall.
0] (ii)
Figurel: (i) , SO ; (i) and cross.

Lemma 3.3. isafamilyof pseudo-disks.

Proof. It is sufcient to amgue, for ,that and do notcross. Suppose and
crossandthustheir boundariedntersectin at leastfour points; seeFigure 1(ii). (Since  and
are closedcurwes, they cannotintersectthreetimes.) Thenthereare at leastfour planes,say
, throughthe origin that are commonoutertangentgo the cones and
(Eachof thetwo coneshasits apec attheorigin.) Let  betheouternormalof |, i.e.,thevector
orthogonako andpointingto the half-spacahatdoesnot contain and

We claimthat,for each , thereexistsaplane with outernormal , passinghrough and
,andtangento and . Indeedconsiderttwo planesparallelto : passinghrough and
passinghrough . Sincetheorientedplane passeshroughthe origin andis tangentto ,

istangento , andthusto , andits outernormalis . Similarly,  mustbetangent
to aswell with  asits outernormal. This is impossibleunless and arethesame
orientedplanebecause corvex polytopehasa uniquetangentplanefor every outernormal. This
completeghe proof of theclaim.

We thushave four planes,eachpassinghroughtheline  andtangentto , but there
areatmosttwo suchplanesa contradictionHence, is afamily of pseudo-disks. O

The algorithm. We rst describea simplenearquadraticalgorithmfor computing andthenan
-time procedurdor testingwhether

Compute |, foreach , identifyingthefacetsof  (or equivalentlythefacetsof
incidentupon ) by a brute-forcetraversalof . Thisyields, in time, the
family of corvex sphericalpolygonsof at most edgeseach,for a total
of edges. Since is a family of pseudo-disksary two boundariescrossat mosttwice,



andthe arrangement hasat most boundaryintersectionvertices. Thusit has

total compleity and can be computedin time by a standardprocedure[1].
The union canbe extractedfrom the arrangemenin time by a singletraversal.
Next, we cancompute in additional time. Finally, we compute by identifying
the intersectionpoints of and andthentraversingthe overlay of the two regions. Since

has vertices[17], thetotal time spentin this stepis . Finally,
we set . Thuswe have proventhefollowing.

Theorem 3.4. Giventwo setsof points and in , ead of cardinality , wecancomputehe
setof all minimalprismsepaatorsin time

Next, we shav that we candetectthe emptinesf in time by computingan
implicit representationf anddecidingwhether . Using the Dobkin-Kirkpatrick
hierarchyof corvex polyhedra[10] on and noting that it canbe viewed as an implicit
hierarchicakrepresentationf , for ary (se€[10]), we have thefollowing tool neededn
thealgorithmsbelow.

Lemma 3.5. WWe can preprocess in time sothat the following opeationscan
beperformedn time

(i) Givenadirection anda point , determinewhether

(i) Givenadirection anda point , determinghe at mosttwo greatcirclespassing

through andtangentto

Note that (i) is equivalentto testingwhethertheline through in direction meets
and(ii) is equvalentto computingthe planestangento andcontainingtheline through
in direction . Usingtheabove lemma,we prove the following.

Lemma 3.6. Wecanpreprocess in timesothatfor anytwopoints ,we
candetermingn timewhich of thefollowing mutuallyexclusivesituationstakesplace:

0] and aredisjoint,
(i) or , or

(i) and crossat two points.

In thethird case we cancomputehetwo intersectiongn the sameamountof time

Proof. Weconstrucin timetheDobkin-Kirkpatrickhierarchyon . ByLemma3.2,
case(2) occursif andonly if theline  meets , While thesegment doesnot. Thiscan
betestedn time usingthe hierarchy

Ontheotherhand, and aredisjointif andonly if and aredisjoint. As
mentionedabove, the Dobkin-Kirkpatrick hierarchyon canbeusedasa hierarchicakep-
resentatiorof and . It thusfollows immediately giventhe resultsof [10], thatwe



candeterminen time whether and aredisjoint. This handlescase(i).
Henceforthweassuméhat and areneitherdisjointnor nestedcandthustheir boundariegnter
secttwice. (Recallthat our assumptioron transersalintersectionexcludesthe possibility of

and touchingeachotherat onepoint.) Moreover, the failed disjointnesgdestreturnsa witness
direction ; referto Figure2.

0] (ii)

Figure2: Computingtheintersectiorpointsof and ;thetoprowshovs and intheplane ,and
thebottomrow depictsthe centralprojectionof  and : (i) ; (i) and partially overlap.

Considettheplane passinghrough andparallelto ( and cannotbeparallel)andthe

greatcircle on paralleltoit. Since passeshrough , it mustintersect
and intwo arcs and since . Thetwo arcs
cannotbe nestedoy Lemmaa3.2, unlesstheline  meets outsidethe sgment , which

would contradicthe assumptionhatwe arein casg(iii). Hencethetwo arcsoverlappartially (note
thatthey cannotcover the circle asthey sharea point andeachis strictly smallerthanhalf a great
circle). Thereforeup to symmetrieghereis only onepossibleorderingof the ve pointsalong
namely . In particular , , , and . Thereforethesefour
pointspartitioneachof into two corvex arcs and sothat
intersectat one point and intersectat one point. By traversinga pathin the Dobkin-
Kirkpatrick hierarchyon andusing Lemma3.5 at eachnodeon the pathto determine
which child of thatnodeshouldbevisited next, we candetermingheintersectiorpoint of and

, andtheintersectiorpoint of and in time. O

We now describehow to detectwhether is empty To simplify the presentatiorwe view as
a setof planarcorvex polygons;olvious adjustment$iave to be madeto handlethe factthatthey
lie on asphere.For ary subset , we represeneachconnecteccomponenbf asa
circularsequencef maximal -monotonearcs,eachlying onthetop or the bottomboundaryof a
singlepolygon . Foreacharc , we store:

(i) thecoordinate®f its endpoints,



(i) thepoint suchthat ,
(i) thefeatureof thatdetermines , and
(iv) abit specifyingwhether liesonthetop or the bottomboundaryof

Wereferto asatoparcin theformercaseandasabottomarcin thelattercaselLet  denotethe
setof arcsin theimplicit representationf . Theendpointof arcsin aretheleftmostandthe
rightmostpointsof polygonsin  andtheintersectiompointsbetweerthe boundarie®of two poly-

gonsof thatappearon . Sincethereare suchpoints(seeLemma3.3 and[18]),

our implicit representatiomequires space.Supposeve have suchanimplicit representation
for two subsets . Thenwe cancomputethe implicit representation of

theunionof polygonsin by asweep-linealgorithm,asshavnin [18]. The primitive stepsn

this procedureare:
computingtheintersectiompointsbetweertwo arcs and , and

determiningwhetherthe endpointof onearclies belov or abore anotherarc.

UsingLemma3.6,we cancomputesuchintersectiorpointsandtestsuchabove/belav relationships
in time , Sothe sweep-linealgorithmtakes time. Hence,usinga
divide-and-conqueechniquewe cancomputeanimplicit representationf in time.
After having computed , we cancomputethe implicit representation of in linear
time.

We would like to performanothersweepto computeanimplicit representatiof
Unfortunately and canintersectas mary asa linear numberof times, so we cannot
computethe sameimplicit representatioof . Instead,we detectthe emptinesof  usingthe
following obsenration. If , thenthe leftmostpoint of a connected
componenbf iseitheranendpointof anarcin or anintersectiorpointof atop arcof

(resp. ) with a bottomarc of (resp. ). We rst checkin atotal of
time, by a sweep-linealgorithm, whetheran endpointof ary arcin lies outside , or vice
versa. Next, we obsere that, provided the previous testdid not nd a pointin , a sweep-line
algorithmcandetectwhether  and intersect. It is sufcient to only testthe top (resp.
bottom) arcsof againstthe bottom (resp.top) arcsof . We stopthe sweepas soonas
suchanintersections found becausave canconcludethat . If nointersections found,we
concludethat . Theintersectiortestbetweena top arc of anda bottomarc of (or
vice-versa)is particularlysimple,asoneof themis convex andthe otheris concae. However this
arcsarerepresentedmplicitly, sousingthe Dobkin-Kirkpatrick hierarchyandfollowing the same
approachasin Lemmaa3.6, we detectsuchan intersectionin time. Thusthe detection
of anintersectionof and canbeimplementedn time. Puttingeverything
togetherwe obtainthefollowing.

Theorem 3.7. Giventwo setsof points and in , ead of cadinality , wecandetermingn
timethe existenceof a prismthat contains  but whoseinterior is disjointfrom and
returnsud a prismif it exists.



4 Slab Separability

We now let  bethefamily of all slabs i.e., closedregionsdelimitedby two parallelplanes.For
agivendirection , thereis a uniqueminimal slabcontainer . the planesbounding
arenormalto andsupport ; oneof thesawo planediesabore andtheotherlies
below . (Vertical slabscan be handledseparately—usa two-dimensionaklgorithmfor
separatingplanarpoint sets(  -projectionsof and ) by astrip[16]. Hereaftewe will assume
thatthe slabseparators non-\ertical.) If is a separatqrthennoneof the pointsin  lie the
interior of . Usinga standardiuality transformwe canmap (resp. ) to asetof planes
(resp. ). Thedual of aminimalseparatinglabis a verticalsggmentoneof whoseendpoints
liesonthelowerervelope of andtheotherontheupperervelope of . Moreover

lies completelyinside a (closed)cell of asit doesnot intersectary planeof . See
Figure3. Basedontheseobsenrations,we proceedasfollows.

O

(i) (ii)
Figure3: Separatindy a slab: (i) A slabseparating from in the primal setting. (i) Dual setting: solid

linesform , dashedinesform , verticalsggmentis , andtheshadedegionis the cell of that
containghe verticalsggment

Let bethesetof cellsin thatintersecboth and . Sinceeachcell intersects
the corvex surface , [5]. Foracell , let and
Lemma4.1.

Proof. Eachvertex of is anintersectiorpointof anedgeof andaplaneof , orafaceof
anda line formedby the intersectionof two planesof . Since has edgesthereare
verticesof the rst type. As anintersectiorline of two planesof intersectghe corvex
surface at mosttwice, thereare intersectionf the secondtype aswell. Sets are
treatedsymmetrically O

For a subset , let denotethe setof cellsin thatintersectboth and
andlet denotethe bottom-\ertex triangulation,asde nedin [9], of thecellsin . We
compute aswell as , for eachcell ,in expectedime, using
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alazyrandomizedncrementahlgorithm[9]. More preciselywe choosearandomsubset

of planesandcompute recursvely. For eachsimplex , we computethe
subset of planesthatintersect ; set . Foreach , wecompute ,
clippedwithin | in time usinga nawve algorithm. Next, we traversethe cells of ,
overall ,identify thosecellswhichliein , andmegetwo of themif they areportionsof the
samecell of . Finally, we computethebottom-ertex triangulationof eachcell in . The
total time spentin thesestepsis . After having computed ,

we canalsocompute , for eachcell , in additional time.

In orderto computethe sets ef ciently, we maintaina history dag, as describedn [9].
Roughly speaking et be the sequencef randomsubsetshosenby the
algorithm.For eachsimplex , We maintainapointerto a simplex if
and intersect.Assumingthatwe know the simplicesof thataplane intersects,
we canquickly computethe simplicesof thatit intersects.The analysisin [9, Section
5.4] shaws that the expectedrunning time of the overall algorithm, including the time spentin
computingthesets s

Next, for eachcell ,weproject and ontothe -plane,yielding two familiesof
disjoint corvex polygons.Using a sweep-linealgorithm,we determinean
timewhetherthe -projectionsof and intersectlf they interseciatapoint , thentheslab
dualto thevertical sgment is aminimal separatinglab,where (resp. ) isthe
intersectiorpointof  (resp. ) with theverticalline through . Repeatinghis stepfor all cellsof

, we candeterminewhetherthereexists a (minimal) separatinglab By Lemma4.1, we obtain
thefollowing:

Theorem 4.2. Giventwo setsof points and in , ead of cardinality , a randomizedlgo-
rithm candeterminethe existenceof a sepaating slabandreturnsud a slabif it existsin expected
time

We noteherethatthe computatiorcanalsobe carriedout deterministicallyusingthe algorithm
of [4]. We only outlinethe procedurénere.We rst compute explicitly andthenintersectevery
planeof  with andconstructhearrangement of -projectionsof these convex cunes.

By thereasoningof the proof of Lemmad4.1, the sizeof is andit canbe computedby a
sweep-linealgorithmin time. Eachfacein  correspond$o a connecteccomponent
of for some thatintersects . A similar procedurecomputesthe arrangement
representing . Oncewe identify which facesof and
correspondothesamecell | thealgorithmproceedssabore, checkingor non-emptinesef
forall . Weperformthisidenti cation asfollows. We conceptuallyfabeleachcell with

a bit vectoridentifying the sideof eachplaneof = onwhich lies. If onetraverses alongan
Eulerianpathof its dualgraph,neighboringoit vectorsdiffer by asinglebit. We donotrepresenthe
vectorsexplicitly, butinsteadusethealgorithmof [4] thatcanstorethemin constanamortizedspace
pervectoranddetectduplicates therebygroupingthe facescorrespondindo differentconnected
component®f thesame  together Duplicatedetectioncanbe performedin a singletraversal
of thedatastructure sothatfacesareoutputin groups,with eachgroupcorrespondingo the same
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bit vector Applying theprocedurdo  and  togetherallows usto match and asthey
correspondo faceswith identicalbit vectors.We omit furtherdetails.

Theorem 4.3. Giventwo setsof points and in , ead of cardinality , a sepaating slab, if
it exists,canbe computedieterministicallyin worst-casdime

5 WedgeSeparability

We now let  be the family of wedgs i.e., intersectionsf two closedhalf-spaces.If the two
boundingplanesareparallel,thentheresultingwedgeis a slab Sincewe have alreadystudiedslab-
separability we assumehatthe wedgesin  are boundedby non-parallelplanes. As in the case
of slabs,the two boundaryplanesof a minimal separatingvedgesupport ; seeFigure4.
For a direction , let denotethe (oriented)planewith outward normal thatsupports
, andlet denotethe subsef pointsthatlie on the sameside of as . A
minimal wedgecontainercanbe representetby a pair of outward normals f
is aseparatqrthen separates and . Aswevarythedirection ,
remainsthe sameuntil passeshrougha pointof . We proceedasfollows to compute
aminimal separatingvedge,if oneexists.

Figure4: Separatindy awedge.

Let bethenormaldiagram (alsoknown asthe Gaussmap of , 1.e., thesubdvision
of into maximalregionssothatfor all directions within eachregion,theplane is tangent
to the samefeature(vertex, edges,or face)of . canbe computedn lineartime from

. Forapoint , let bethelocusof directions sothat passeshrough ;
if , istheboundaryof acorvex polygonon , namelyit is thesetof outernormals
to theplanestangentto  (de nedin Section3); cannotlie on by our assumptiorof
generalposition. The curve  consistsof arcsof greatcircles, the arcsend at pointslying on
the edgesof ; we call thesepoints breakpoints We computethe arrangemenbf

. Thesameamgumentasin the proof of Lemma3.3impliesthat is a family of pseudo-
disks,therefore has verticesandit canbecomputedn time usingthe rst
algorithmdescribedn Section3.

By constructiorandthe above discussionfor all directions within thesameface of ,
is thesamewhichwe denoteby . Moreover, if aretwo adjacentacesof ,then
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, Where denotesymmetricdifference Wewishto determinevhetherthereis
aface for which and aredisjoint (i.e., weaklylinearly separable).
Roughly speakingwe traversethe facesof , updatingthe set aswe go from oneface
to anotherandusea dynamicdatastructureto determinewhether and ever
becomdlisjoint.

In moredetail, we computean Euleriantour of the dual graphof , which is a sequence
, , of facesof . We traversethe sequence , andat each ,
we maintain in adynamicdatastructure.Sincewe know the sequencef
insertionsanddeletionsin adwanceandonly wantto determinewhether
ever becomegmpty we canusethe off-line datastructureof Eppstein12], which canperforman
updatein amortizedexpectedime . He alsodescribedanotheratastructure
thatcanperformanupdaten amortizeddeterministidime. We concludethefollowing.

Theorem 5.1. Giventwo setsof points and in , ead of cadinality , an algorithmcan
determingheexistenceof a sepaating corvex dihedmal wedg, andreturnsudt a wedge if it exists,
in randomizedxpectedime orin deterministiovorst-
casetime

6 Double-WedgeSeparability

In this section, is thefamily of all doublewedgs i.e., (closuresof) the symmetricdifferenceof
two half-spacedoundedby non-paralleblanes.Withoutlossof generalitywe consideronly those
doublewedgeghatdo not containa verticalplane.

Figure5: Separatindy adoublewedge.

Onceagain,considetthedualversionof the problem,wherewe arerequiredto determinegiven
two collectionsof planes ,  whetherthereexistsasegment thatintersectsll of the planes
in  butcrossesioneof thosein . Let bea -dimensionakell of . Foraplane

,let " (resp. °Y bethe closedhalf-spaceboundedby thatcontains(resp.does
notcontain) . Let " in ,andlet out out .If  isthedualof a
separatingloublewedgeandoneendpoint of liesin ,thentheotherendpoint of hasto
lie in , Wwheretheintersectioris takenover all half-spaces in out Indeed, and

13



lie onthesamesideof all planesn  andontheoppositesidesof all planesn ; seeFigureb.
Hencetheseggment doesnotinterseciary planeof  andintersectsall planesof

As in the previous section,considera dynamicdatastructurethat can maintain through

insertionsanddeletionsn " out Traversethecells of andmaintain  in this
fashion.If for somecell duringthetraversal is nonemptywe returnasegment such
that and , otherwisewe concludethata sggment  asdesireddoesnot exist. The

runningtimein thetheorembelow follows from theanalysisin the precedingsection.

Theorem 6.1. Giventwo setsof points and in , ead of cadinality , an algorithmcan
determinethe existenceof a sepaating dihedial doublewedg andreturnsud a doublewedg if

it existsin randomizedxpectedime or deterministic
worst-casdime

7 Cone Separability

In thissection isthefamily of all (closed corvex, in nite) cones.Recallthatfor ,

is theconewith apex spannedy the pointsin . Hereaftemwe assumdor simplicity that

theape of the containerconeis alwaysatapointof  strictly outsideof . For ary point
, thereis auniqgueminimal conecontainer(with respecto ) with ape , namely

thecone , sowerepresentheset of minimalconecontainerdy pointsin

Unlike thecasexonsideredn previoussectionsherewe only discusghestructureof thespace

of minimal cone separators.This investigationyields an boundon the combinatorial

compl«ity of . We do not at this point have a nearquadraticalgorithmfor constructing , or an

ef cient way of testingwhetheiit is empty Thefastesknown algorithmfor computingit is roughly
cubic[17]; seethediscussiorbelow.

Structureof . Fix apoint andexaminethe set . Lettheoutercone
of betheconewith apex andantipodalto . Lettheinnercone of be lessthe
connectedcomponenbf containing . SeeFigure6 andnotethatwe have slightly
alusedtheterminologyin thattheinnerconeis not exactly a conedueto the presencef a “cap;
aportionof , onits boundary It is easyto seethat . In particular putting
and , Wheretheunionis takenover , isthecomplemenbf and

we focusonthis latterset.

Wecallaray outgoingif it emanatefromapoint in andstrictly outgoingif  lies
in the interior of . To avoid excessie notation,we think of a ray asbeingtraversedfrom
its origintoin nity . A tail of aray isary ray

Lemma 7.1. Thefollowing propertiesof outgoingraysandinner andouterconeshold:

(a) If anoutgoingray meetsanoutercone it staysin

(b) If astrictly outgoingray meetsanoutercone it entestheinterior of  andremainsn the
interior of
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Figure6: Thede®nitionsof and

(c) Anoutgoingray startsinsideeveryinnercone and,if it leaves , it neverre-entesit.
(d) Anouterconeis a unionof tails of outgoingrays,disjoint exceptat its apex.

(d) Theboundaryof an outerconeis a unionof tails of non-strictlyoutgoingrays, disjoint except
at its apex.

(e) Aninner coneis a disjointunionof outgoingrays.

(e) Theboundaryof aninnercone exceptfor its cap(i.e., ), is a disjointunionof
non-strictlyoutgoingrays.

Proof. We startwith (c), asit is trivially true: An outgoingray startsin by de nition and
everyinnercone includes by de nition. So muststartin  andif it ever leavesthis
corvex set,it canof coursenever re-enteiit.

As for (a) and(b), anoutercone istheunionof all rayswith origin antipodalto thosethat

meet . Consideranoutgoingray originatingat and rst encountering at
apoint . Let betherayemanatingrom indirection (directedawayfrom ) and
betheray ;refertoFigure7. By de nition of . By corvexity of (in fact,

), andthustheangularwedge denedby and isalsocontainedn . Sincethe
line containing passeshrough , andthetail of startingat aredisjoint, therebyimplying

thatthelatterlies inside . This completeghe argumentfor (a). If is strictly outgoing,
liesin theinterior of ,thus liescompletelyin interiorof  (exceptfor )andmorewer
liesin exceptfor . Thus staysintheinteriorof  afterenteringit at , completing
the proofof (b).
Propertiegd), (e),and(e) hold by de nition. Finally, (d ) holdsalmostby de nition: isthe
coneantipodalto  whichin turnis the conewith apex spannedy . So consists
of suchraysthattheir antipodalraystouchbut do not penetrate , asclaimed. O
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Figure7: lllustrationto the proof of Lemma7.1; intersectiorwith the planespannedy and is depicted,;
thecasewhere and arecollinearis easier

We now prove the main structuralpropertyof and . For a pair of points , let
' \ , and . Set
Lemma 7.2. For anypoint , is a family of pseudo-disken . Thesameis true for
on ,andforeachof and on

Proof. Toprovethe rst statementy is sufcient to arguethat and donotcrossfor ,
asde ned in Section3. Supposeo the contrarythey do cross. Thenthereexist two-dimensional
cones with apex and with apex , suchthatthetwo endpoints of thecune
lie outside , thetwo endpoints of thecune lie outside
andtheintersectiorpoint of liesinside ; referto Figure8(i). It
easilyfollows, withoutlossof generalitythataboundaryray , say of intersects atapoint
thatlies betweertheorigin of andthepoint . (SeeFigure8(ii).) Notethat must
lie outside , for otherwise and doesnotcross , contraryto theassumptionOn
the otherhand, . Since liesoutside ,theray isoutside at and
andinsideit at , contradicting_emmar.1(a),as is atail of anoutgoingray, by Lemma7.1(d).

Next, considerthefamily . Assumefor the sale of contradictionthat and Cross.
This implies, asabove, the existenceof two-dimensionatones with apex and
with apex , suchthatthe two endpoints of the cune lie outside (andthus
outside ), thetwo endpoints of the curwe lie outside (andthusoutside ),
andtheintersectiorpoint of liesin . Lemma7.1(a)impliesthatthetails
of thetwo boundaryraysof  (resp. ) originatingat and (resp., and ) arecompletely
disjointfrom (resp.,from ). Thustheendpoints (resp., ) of thearc
(resp., ) lie outside  (resp. ); seede nitions in Section3. On the otherhand,
considertheintersection , whichis aray. Clearly thepointon  correspondingo the
directionof liesonbothsegments and andthusin . In otherwords, and
crosson , contradicting.emma3.3.
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0) (ii)

Figure8: Proofof Lemma7.2.

Theprooffor theremainingtwo families, and ,issimilar. O

We arenow in positionto prove the mainresultof this section atight boundon the compleity
of

Theorem 7.3. Thecompleity of thespace of all minimalsepaator conesis

Proof Sinceeach and is a polyhedralcone,our general-positiorassumptiorimplies that
every - or -dimensionalfaceof is incidentuponat leastonevertex of (thatis nota cone
verte). Therefore by the general-positiormssumptionthe compleity of  is proportionalto the
numberof its vertices.As  is the complemenbf the unionof thecones , its verticesareof
threetypes:

(i) verticesof thecones,
(i) verticesformedby theintersection®f two conesurfacesand

(i) verticesformedby theinteractionof threeconesurfaces.

Thereareonly verticesof type (i). A type (ii) vertex if formedwhena coneedge meets
anotherconeon . An edgeof aninnerconeis anoutgoingray andan edgeof anouterconeis
atail of anoutgoingray. Hence,once entersanotheroutercone,it never appearson again,
andalso,beforethelasttime leavesanotherinnerconeit never appear®n . To summarize,
canonly appeaon  in atmostoneconnecteghortionandcontritbutesat mosttwo verticesof the
secondypeto . Asthenumberof coneedgess quadraticsois thenumberof suchvertices.

It remainsto countthe verticesthatlie on threeconesurfaces.Supposesuchavertex occurs
ontheboundaryof two outercones andof anothercone , whichcanbeeitheraninneror
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anoutercone. If is theouter(resp.inner)cone  (resp. ), then is avertex of the unionof

pseudo-diskin (resp. ). By aresultof Kedemetal. [18], eachof and has

vertices.Hence the numberof verticesthatlie on threeconesurfacestwo of which areoutercone
surfacess . Similarly, thenumberof verticesthatlie onthreeconesurfacestwo of which are
inneris also . Thiscompleteghe proof of thetheorem. O

The (lack of an ef cient) algorithm. As alreadymentioned,we do not have a nearquadratic
algorithmfor computing . A nearcubic one canbe obtainedby computingthe inner and outer
conesxplicitly in roughlyquadratidotaltime. Thisyieldsacollectionof corvex polyhedraeach
of compleity . As obsenredin [17], theirunioncannow be computedy the algorithmof [6]

in roughlycubicrandomizedxpectedime. Any attemptto tunethe union-of-polyheds algorithm
of [6] to this casethatrepresentshe conesexplicitly is doomedto failure, asthatalgorithmstarts
by computingtheintersectiorof every faceof every polyhedronwith the remainingpolyhedraand
thetotal compleity of all suchintersectionsanbe cubicin the worstcasefor the problemunder
considerationA naturalattempto circumentthisis to representheintersectiongmplicitly, aswas
donein Section3. Indeed thiswould be possibleanda nearquadraticalgorithmwould resultif one
couldcomputein, say polylogarithmictime, the atmosttwo (by Lemma7.2) pointsof intersection
of ary threecones.Thiswould allow oneto computeasin Section3, by recursive pairwisesweep-

meige and , for every , in total time roughly proportionalto the maximumnumberof
suchintersectionpoints on the union; the samewould applyto thesets and . Testing,for
every , whether asin Section3 (andtheanalogousperationdor theinner

conesurfaceswould allow ef cient emptinesgestingfor

8 Conclusion

In this papemwe studiedthe problemof separatingwo pointsetsby asolidbodyin ~ andpresented
improved algorithmsfor a numberof cases However several problemsremainopen. Oneobvious
problemis to develop a nearquadraticalgorithmfor coneseparability The only missingstepis a
datastructurethatcanpreprocess corvex polytopein  sothatfor threequerypoints one
candetermingn time theintersectiorpointsof , ,and

Therehasbeenextensve work on computing‘large-magin” hyperplaneseparatorsyut little is
known for suchseparatorby othersolid bodies.Canour algorithmsbeextendedo nd maximum-
maigin separatorsWhatabouthandlingoutliersandhigherdimensionadata?
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