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Abstract

A closedsolid bodyseparatesonepoint setfrom anotherif it containsthe formerandthe
closureof its complementcontainsthe latter. We presenta near-linearalgorithmfor deciding
whethertwo setsof � pointsin ��� canbeseparatedby a prism,near-quadraticalgorithmsfor
separatingby a slabor a wedge,anda near-cubicalgorithmfor separatingby a doublewedge.
Thelatter threealgorithmsimprovethepreviousbestknown resultsby anorderof magnitude,
while theprismseparabilityalgorithmconstitutesanimprovementof two ordersof magnitude.

1 Intr oduction

Many problemsin supervisedmachinelearningcanbeformulatedasclassifyingobjectsinto a�nite
setof categories,basedon a giventrainingset. In its simplestform, eachobjectin thetrainingset
is labeled�	� or 
�� , andthegoalis to build apredictorbasedon this trainingsetthatenablesusto
classifya new objectinto oneof thesetwo classes.Becauseof its wide rangeof applications,this
fundamentalclassi�cationproblemandits generalizationshavebeenextensively studiedin machine
learning.Numerouspowerful learningtechniquessuchasdecisiontrees,boosting,supportvector
machines,logistic regression,etc. have beendevelopedin the last two decades.Seethe recent
bookby Hastieet al. [14] for a discussionon theseandothertechniques.Despitetheseadvances
in statisticaltechniques,relatively little progresshasbeenmadeon combinatorialtechniquesfor
classi�cation,especiallyin threeandhigherdimensions.

In this paperwe studythefollowing simplegeometricversionof theabove classi�cationprob-
lem in ��
 , alsoknown asthe separability problem: Let � be a setof � points in ��
 , andlet �

�

Departmentof ComputerScience,Duke University, Durham,NC 27708,USA; pankaj@cs.duke.edu. Supported
by NSFundergrantsCCR-00-86013,EIA-98-70724,EIA-99-72879,EIA-01-31905andCCR-02-04118,andby a grant
from theU.S.-IsraeliBinationalScienceFoundation.

�

Departmentof ComputerandInformationScience,PolytechnicUniversity, Brooklyn, NY 11201-3840,USA; http:
//cis.poly.edu/̃ aronov. Supportedin partby NSFGrantsCCR-99-72568andITR CCR-00-81964,andby a grantfrom
the U.S.-IsraeliBinationalScienceFoundation.Part of the work on this paperby B.A. wascarriedout while visiting
MathematicalSciencesResearchInstitutein Berkeley, California.

�

ComputerScienceDivision, University of California, Berkeley, CA 94720-1776,USA; vladlen@cs.berkeley.edu;
http://www.cs.berkeley.edu/̃ vladlen/. Supportedby NSFGrantCCR-01-21555.

1



beanothersetof � pointsin ��
 . Givena family of closedthree-dimensionalbodies� , determine
whetherthereexists ����� suchthat ����� and �	��

��������� andif soreturnsucha body � .
Thisseparabilityproblemis obviouslyaninstanceof supervisedlearning,astheseparator� canbe
usedto predicttheclassof anarbitrarypoint in � 
 . Namely, if a point lies in � , we assignit to � ,
otherwiseto � .

Relatedwork. If � is theclassof all half-spaces,theseparabilityproblemcanbereducedto lin-
earprogrammingandsolvedin lineartime for any �x eddimension[19], andalgorithmsareknown
for �nding an“optimal” separatinghyperplane[22]. Most otherwork in computationalgeometry
on separabilityand/orclassi�cationhasfocusedon two-dimensionalproblems.A seriesof papers
studiedthe problemof separatingtwo setsin the planeby a circle (or a disk, in above terminol-
ogy), eventuallyleadingto a linear-time algorithmby O'Rourke et al. [21]. Recently, researchers
have studiedthe problemof separatingtwo planarpoint setsby other objectssuchas a convex
polygonwith theminimum numberof edges[11], a doublewedge[15], a wedge,or a strip [16].
Arkin et al. [3] proved an ��� ������� ��� lower boundfor many of theseseparabilityproblems.The
problemof separatingtwo planarsetsby a simplepolygonwith theminimumnumberof edgesis
known to beNP-complete[13] andanapproximationalgorithmis givenby Mitchell [20]. See[2]
for severalotherrelatedseparationresultsin theplane.

Relatively little is known abouttheseparabilityproblemsin threeandhigherdimensions.The
algorithmby O'Rourke extendsto higherdimensions.Recently, Hurtadoet al. [17] proposedcu-
bic or slightly super-cubic separabilityalgorithmsin � 
 when � is the family of slabs(regions
boundedby pairsof parallelplanes),convex dihedralwedges(intersectionsof two half-spaces),
in�nite convex prisms,andin�nite convex cones.They alsodevelopedan � � �"!#� algorithmfor de-
ciding separabilitywith a doublewedgeandalgorithmswith runningtimesrangingfrom �$� �&%'� to

�$� �)('� for otherthree-dimensionalseparabilityproblems.Researchershave alsostudiedtheprob-
lem of separatinggeometricobjectsotherthanpoints. See[7,8] andreferencesthereinfor several
suchresults.

Our results. In thispaperwe developseparabilityalgorithmsfor severalfamiliesof separatorsin
� 
 . In particular, weobtainthefollowing results:

(i) An �$� �������

!

��� deterministicalgorithmfor separatingby a (convex in�nite) prism.

(ii) An �$� �+*,����� ��� expected-timerandomizedalgorithmfor separatingby a slab;adeterministic
algorithmwith thesameworst-caserunningtimealsoexists.

(iii) An �$� �+*-�����

*

�������

*

�.����� ���/� expected-timerandomizedor an � � �0*-1-�2��34�
���5� ���/� -time deter-
ministicalgorithmfor separatingby a (convex dihedral)wedge.

(iv) An �$� � 
-�����

*

�������

*

�.����� ���/� expected-timerandomizedor an � � � 
-1-�2��34�
���5� ���/� -time deter-
ministicalgorithmfor separatingby adoublewedge.
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Finally, we alsostudytheproblemof separatingby a (convex in�nite) cone. Currentlywe do
not have a subcubicalgorithmfor coneseparability, but we prove a numberof structuralproperties
of coneseparabilitythat,webelieve,shouldyield an �$� �"*-1-�2��3 �����5� ���/� algorithmfor thisproblem.

Our resultsrely on techniquesfrom thealgorithmictheoryof arrangementsandon geometric
datastructures.Theseresultsimprove thepreviously known boundsby at leastanorderof magni-
tudeand,in thecaseof prisms,by two ordersof magnitude.We believe thatour approachcanbe
extendedto derive improved algorithmsfor otherseparabilityproblemsin � 
 , includingonesfor
which no non-trivial solutionsarecurrentlyknown, suchasthecasesof circularcylinder or circu-
lar coneseparators,which werestatedasopenproblemsin [17]. We considerour resultsto beof
particularappealdueto theconceptualsimplicity of theproblemsstudied.

2 GeneralApproach

Beforepresentingour speci�c results,we devote this sectionto describingthe generalapproach
takenin thispaper, aswell asa few geometricconceptsthatwill becrucialfor ouralgorithms.

Minimal separatorsand their representation. We call a body � � � a container(with respect
to � ) if � � � . A containeris calledminimal if thereis no othercontainer

�

in � with
���

� .
Finally, a (minimal) container� is calleda (minimal) separator if � � 

��� �.� � �	� .

The families � that we studyin this paperhave the propertythat a minimal containercanbe
representedasapoint in a low-dimensionalspacedespitethepossibilitythatits combinatorialcom-
plexity maybe ��� ��� . For example,a minimal prismcontainercanberepresentedby thedirection
of its axis. Indeed,if we �x a direction � on the unit sphere� * , thenthereis a uniqueminimal
prismcontainerwith thisaxisdirection,namely, theoneformedby theMinkowski sumof � �2���+� � �

with the line throughtheorigin in direction � . Hence,thesetof minimal prismcontainerscanbe
representedby �

* . Similarly, if � is thefamily of conesin �

 , thena minimal conecontainercan

berepresentedby its apex, apoint in � 
 .

Let 	 �
	��.��� � � betheparametricspacethatrepresentsthesetof minimalcontainersin � , i.e.,
eachpoint in 	 correspondsto a containerin � that is minimal with respectto � , suchthatevery
minimal containeris representedby a point in 	 in this way. With a slight abuseof notation,we
will not distinguishbetweena point in 	 andthecorrespondingminimal container��� � . Given
a set � of pointsin � 
 , let 
	��
 � ��� ��� � � ��	 denotethesetof minimal separators.For a point

�

� �

 , let ��� ��	 denotethesetof minimal containersthatalsocontain� , i.e., for each� ����� ,

�����

���

��� . Then 
	� 	"!�#%$'&)( 

���'�*�

$

� .1 Theproblemof determiningwhetherthereexistsa
body ��� � thatseparates� from � is equivalentto determiningwhether

+ �	� .

Onepossibleapproachis to boundthecombinatorialcomplexity (i.e., thetotal numberof ver-
tices,edges,andfacets)of 
 andto computea boundaryrepresentationof 
 in time roughlypro-
portionalto its complexity. However, in mostcaseswedonotcompute
 in its entiretybecausethis
couldbequiteexpensive. Instead,we prove variousgeometricandtopologicalpropertiesof 
 and

1Strictly speaking,by ,.-0/21436587 we meaninteriorof 365 relative to 9 , but we will ignorethis technicality.

3



designfasteralgorithmsfor detectingwhether
 � � . For example,we show that if � is thesetof
prismsin � 
 , then 
 � ��� ��� � � canberepresentedastheintersectionof two regions � and � onthe
unit sphere.We computea compactrepresentationof eachof � and � andusingthis representa-
tion determinein �$� �������

!

��� time whether����� � � , eventhoughtheworst-casecomplexity of

 � ��� ��� � � is ��� �)*'� . Similarly, for thecaseof wedgesanddoublewedges,we searchover various
crosssectionsof � 
 to detectits non-emptiness.

We make the following assumptionsfor the sake of simplicity. The algorithmscaneasilybe
modi�ed to work for thegeneralcase.

(A1) Thepoints � � � arein generalposition,in thesensethat no two pointshave thesame� -,
� -, or � -coordinate,no two pointslie on a line passingthroughtheorigin, no threepointsare
collinearor lie in a commonverticalplane,andno four pointsarecoplanar. We alsoassume
thattheorigin � lies in theinteriorof � �2���+� � � .

(A2) 
 � � � �8	 ! #�$'& ( �

$

� . (This assumptionemphasizesthat, for the sake of consistency in
exposition,we chooseto view 
 asa closedset. In particular, a minimal container��� 	 ,
suchthat � � 
 � �'� � � �	� but � � � � � � ��+ �	� is still consideredto beaseparator.)

(A3) Since� is afamily of convex bodiesin Sections3–5(notethatdoublewedgesarenotconvex),
we assumethat 

��� � � �2���+� � �/� � � � � in thesesections.Indeedif 

��� � � �2� �+� � �/� � � +��� ,
thenno bodyin � canseparate� from � and,sincewearedealingwith point setsin � 
 , we
cancheckthisconditionin � � ����������� time.

Arrangements. Let � be a set of � hyperplanesin �
	 . The arrangementof � , denotedby
�

��� � , is the decompositionof �
	 into (relatively open)cells so that eachcell is a maximalcon-

nectedregion that lies in the samesubsetof � . Eachcell of
�

��� � is a convex polyhedron.The
combinatorialcomplexity of a 
 -dimensionalcell � , denotedas � ��� , is thenumberof cellsof

�

��� �

of dimensionlessthan 
 thatarecontainedin � � , theboundaryof � ; see[1] for a survey on ar-
rangements.It is well known that the complexity of a singlecell in

�

��� � is �$� ����	��
*��

� andthat
thecomplexity of theentirearrangementis �$� �

	
� . The lower (resp.upper) envelopeof � is the

boundaryof the � -dimensionalcell of
�

��� � thatliesbelow (resp.above)all hyperplanesof � . The
zoneof � with respectto asurface � , denotedas � ��� ��� ��� � , is thesetof � -dimensionalcellsof

�

��� � that intersect� . ��� & ��� ��� ���$� �
	"!$#

�
������� if � is a convex surfaceand �$� �
	"!$#

� if � is a
hyperplane[5].

3 Prism Separability

In this sectionwe assume� to be the setof (convex in�nite) prismsin � 
 . Recall that a prism
� is theMinkowski sumof a closed,convex body � with a line % . The directionof % is referred
to as the directionof � . Since � is a family of convex bodies,we describethe algorithmunder
Assumption(A3). As mentionedin Section2, for a direction ��� �

* , the Minkowski sum of
� �2���+� � � andaline in direction� throughtheorigin is theminimalprismcontainer� �*�-� in direction
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� . Note that � �*�-� and � � 
 �-� are the same,but for simplicity we distinguishthem. We thus
represent	 , thesetof minimalprismcontainers,by � * . We�rst analyzethestructureof 
 andthen
describethealgorithmfor determiningwhether
 �	� .

Structureof 
 . For apoint �

� � 
�! � �2���+� � � , let � � betheunionof raysemanatingfrom � and
intersecting� �2� �+� � � , i.e., � � is theconewith apex � spannedby � �2� �+� � � . � ��


� denotesthecone
� � translatedby thevector �

�

� , so its apex lies at theorigin. Set
�

��� ��� � � 


�

�0���)* , i.e., theset
of directions� suchthattherayemanatingfrom � in direction � intersects� �2���+� � � . Thefollowing
lemmais straightforward.

Lemma 3.1. For anypoint �

� ��
�! � �2���+� � � , �����

�

� � 


�

� .

Hence,

 � �

*

!

�

$'&)(



��� �

�

$

� 


�

$

� � � ��� �

*

!

�

$'& (

�

�

$

� 


�

$

���
	

Thesecondequalityfollows from Assumption(A2). Let �
�

�
#%$'&)(

�

$ . Then


 � � � � �

*

! �*�
� 
 � �/��	

Hurtadoetal. [17] haveprovedthatthecomplexity of 
 is � � �
*
�

� ���/� . Herewepresenta topolog-
ical propertyof 
 thatwill beusefulin developingthealgorithmfor testingits emptiness,but we
�rst prove thefollowing propertyof

�

� .

Lemma 3.2. Let � and � be two pointsin �



! � �2���+� � � .
���

�

�

� if andonly if �

� �

�

andthe
segment�

� doesnot intersect � �2� �0� � � . (SeeFigure 1(i).)

Proof. Suppose�

���

�

andthe segment �

� doesnot intersect� �2���+� � � . Let � be a directionin
�

�

, i.e., the ray emanatingfrom � in direction � intersects� �2����� � � . Let � be the ray emanating
from � in direction � . Then � � �

�

since �

� �

�

. Note that �

�

! � �2� �+� � � consistsof two
connectedcomponents,oneof which is boundedandcontainsboth � and � . Since � is unbounded
andemanatesfrom � , it mustintersect� �2���+� � � , therebyimplying that ���

�

� , asclaimed.

Conversely, suppose�

� �

�

!"� �2� �+� � � and�

� intersects� �2���+� � � , thentherayemanatingfrom
� in direction ��

� doesnot intersect� �2� �+� � � , therebyimplying that
���

+�

�

� . Next, assumethat
�

+� �

�

. Let % be the line �

� . If % meets� �2���+� � � , then ��

� misses� �2���+� � � because�

+� �

�

. So
the complementaryray of % must intersect� �2� �+� � � , proving that

���

+�

�

� . So we may assume
that % doesnot intersect� �2� �+� � � . Without lossof generality, we assumethat % is the � -axisand �

lies to theright of � . Let � bea planecontaining% andintersecting� �2����� � � . Identify � with the
�

� -planeandassumeit meets� �2� �+� � � in thehalf-plane����� . Let � bethedirectionof theright
tangentof � �2���+� � � ��� from � . Thenthe ray from � in direction � doesnot intersect� �2� �+� � � ,
implying that � �

���

!

�

� . Hence,
���

+�

�

� . In fact,we canprove anevenstrongerclaim in this
case,whichwewill needin Lemma3.6below. Let �

� (resp.�

�

) bethesetof directions� for which
the ray emanatingfrom � (resp. � ) in direction � andlying in theplane � intersect� �2� �+� � � . We
have alreadyshown that �

�

+���)� . Similarly, we canarguethat thedirectionof the left tangentof
� �2���+� � �)��� from � doesnotbelongto �

�

. Hence,� � +���

�

, and � � and �

�

arenotnested.
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Considera collection � of closed,simply connectedregionson a topologicaldisk or a sphere.
We say that � ��� ��� crossif both ��!�� and � !�� aredisconnected;seeFigure1(ii). � is
considereda family of pseudo-disksif no two of its memberscross.Let � � ���

�

$

��� � �

� . For
simplicity, we assumethat �

�

� and �

���

, for any �

+� � � � , intersecttransversally, if atall.

	�


	
�

�������������

(ii)

�

�

���

��


(i)

Figure1: (i) �! 

���

, so
	
�#"$	




; (ii)
	




and
	%�

cross.

Lemma 3.3. � is a familyof pseudo-disks.

Proof. It is suf�cient to argue, for �

��� � � , that
�

� and
���

do not cross. Suppose
�

� and
���

crossand thus their boundariesintersectin at leastfour points; seeFigure 1(ii). (Since
�

� and
�

�

areclosedcurves, they cannotintersectthreetimes.) Thenthereareat leastfour planes,say,
�

#

� 	 	 	 ���

!

, throughthe origin that arecommonouter tangentsto the cones� � 


� and �

�


 � .
(Eachof thetwo coneshasits apex at theorigin.) Let ��& betheouternormalof �'& , i.e., thevector
orthogonalto �

& andpointingto thehalf-spacethatdoesnotcontain � � 


� and �

�


 � .

We claim that,for each�'& , thereexistsa plane ��(

&

with outernormal ��& , passingthrough� and
� , andtangentto � � and �

�

. Indeedconsidertwo planesparallelto �
& : �

(

&

passingthrough� and �
( (

&

passingthrough � . Sincetheorientedplane �
&

passesthroughtheorigin andis tangentto � ��


� ,
�

(

&

is tangentto � � , andthusto � �2���+� � � , andits outernormalis �
& . Similarly, �

( (

&

mustbetangent
to � �2����� � � aswell with �

&
asits outernormal. This is impossibleunless�)(

&

and ��( (

&

arethesame
orientedplanebecausea convex polytopehasa uniquetangentplanefor every outernormal. This
completestheproofof theclaim.

We thushave four planes,eachpassingthroughthe line �

� andtangentto � �2� �+� � � , but there
areatmosttwo suchplanes,acontradiction.Hence,� is a family of pseudo-disks.

The algorithm. We�rst describeasimplenear-quadraticalgorithmfor computing
 andthenan
�$� ���
���

!

��� -timeprocedurefor testingwhether
 �	� .

Compute
�

$ , for each� � � , identifyingthefacetsof �

$ (or equivalentlythefacetsof � �2���+� � �

�*�

�

� incidentupon � ) by a brute-forcetraversalof �0� � �2����� � �/� . This yields, in �$� �
*

� time, the
family � � �

�

$

�+� � �

� of � convex sphericalpolygonsof at most � edgeseach,for a total
of �$� �

*
� edges. Since � is a family of pseudo-disks,any two boundariescrossat most twice,
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andthearrangement
�

� � � hasat most
�

���

*

� ��� � �)* � boundaryintersectionvertices.Thusit has
total complexity � � � * � and can be computedin �$� � * ����� ��� time by a standardprocedure[1].
Theunion � ��#

�

$ canbe extractedfrom thearrangementin � � � * � time by a singletraversal.
Next, we cancompute
 � in additional � � � * � time. Finally, we compute�
� 
 � by identifying
the intersectionpointsof � � and 
 � � andthentraversingtheoverlayof the two regions. Since

��� 
 � has � � �)* � � ���/� vertices[17], thetotal timespentin this stepis �$� �"* � � ���4����� ��� . Finally,
weset 
 � � � � � * ! �*�
� 
 � �/� . Thuswehave proventhefollowing.

Theorem 3.4. Giventwo setsof points � and � in � 
 , each of cardinality � , wecancomputethe
setof all minimalprismseparators in � � � *
� � ���4����� ��� time.

Next, we show that we candetectthe emptinessof 
 in �$� ���
���

!

��� time by computingan
implicit representationof � anddecidingwhether� * � � � 
 � . Using theDobkin-Kirkpatrick
hierarchyof convex polyhedra[10] on � �2� �+� � � and noting that it canbe viewed as an implicit
hierarchicalrepresentationof � � , for any �

� �

 (see[10]), we have thefollowing tool neededin

thealgorithmsbelow.

Lemma 3.5. We canpreprocess� �2� �+� � � in � � ����������� timeso that the following operationscan
beperformedin � �.��������� time.

(i) Givena direction � ���
* anda point �

� �

 , determinewhether���

�

� .

(ii) Givena direction � � �
* anda point �

� �

 , determinetheat mosttwo greatcirclespassing

through � andtangentto
�

� .

Note that (i) is equivalent to testingwhetherthe line through� in direction � meets� �2� �+� � �

and(ii) is equivalentto computingtheplanestangentto � �2� �+� � � andcontainingtheline through�

in direction � . Usingtheabove lemma,weprove thefollowing.

Lemma3.6. Wecanpreprocess� �2� �+� � � in �$� ����������� timesothatfor anytwopoints�

��� � ��
 , we
candeterminein � �.�����

*

��� timewhich of thefollowingmutuallyexclusivesituationstakesplace:

(i)
�

� and
�

�

aredisjoint,

(ii)
�

�

� ���

or
����� �

� , or

(iii) �

�

� and �

���

crossat twopoints.

In thethird case, wecancomputethetwo intersectionsin thesameamountof time.

Proof. Weconstructin �$� ���
��� ��� timetheDobkin-Kirkpatrickhierarchyon � �2���+� � � . By Lemma3.2,
case(2) occursif andonly if the line �

� meets� �2� �+� � � , while thesegment�

� doesnot. This can
betestedin � �.��������� time usingthehierarchy.

On the otherhand,
�

� and
���

aredisjoint if andonly if � �	


� and �

�


 � aredisjoint. As
mentionedabove, theDobkin-Kirkpatrickhierarchyon � �2���+� � � canbeusedasa hierarchicalrep-
resentationof � � 


� and �

�


 � . It thusfollows immediately, given the resultsof [10], that we
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candeterminein � �.�����

*

��� time whether � �	


� and �

�


 � aredisjoint. This handlescase(i).
Henceforthweassumethat

�

� and
���

areneitherdisjointnornestedandthustheirboundariesinter-
secttwice. (Recallthatour assumptionon transversalintersectionexcludesthepossibilityof �

�

�

and �

���

touchingeachotherat onepoint.) Moreover, thefaileddisjointnesstestreturnsa witness
direction � � 

���'�

�

� �)� 
 � �'�

���

� ; referto Figure2.

(i)

�




�

�

	
�

	



� �

�

�

�




�




(ii)

�




� �

�




�




�



	
�

�

�

�

	�


�
�

�




�

�

�

�

�

Figure2: Computingtheintersectionpointsof �

	 


and �

	
�

; thetoprow shows �




and �

�

in theplane� , and
thebottomrow depictsthecentralprojectionof

	�


and
	

�

: (i) �


 "

�

�

; (ii) �




and �

�

partially overlap.

Considertheplane� passingthrough�

� andparallelto � (�

� and � cannotbeparallel)andthe
greatcircle � on �

* parallelto it. Since � passesthrough � � 

� �

�

� ��

���

���

, it mustintersect
�

�

and
���

in two arcs� � � ��� �	� � �

�

� ��� and �

�

� ���

�

�

�

�

���

��� since � � � � ���

�

. Thetwo arcs
cannotbe nestedby Lemma3.2, unlessthe line �

� meets� �2����� outsidethe segment �

� , which
wouldcontradicttheassumptionthatwearein case(iii). Hencethetwo arcsoverlappartially (note
that they cannotcover thecircle asthey sharea point andeachis strictly smallerthanhalf a great
circle). Therefore,up to symmetriesthereis only onepossibleorderingof the � ve pointsalong � ,
namely � � �
�

�

�2� ��� � ���

�

. In particular, � �
� �

���

, � � �

���

, �

�

�

�

� , and �

�

��

�

� . Thereforethesefour
pointspartitioneachof �

�

�
���

�
�

into two convex arcs�

���

�

���

�

!

�

and �

���

�

���

�

!

�

sothat �

���

�

���

���

�

intersectat onepoint and �

�

!

�

���

�

!

�

intersectat onepoint. By traversinga path in the Dobkin-
Kirkpatrick hierarchyon � �2���+� � � and using Lemma3.5 at eachnodeon the path to determine
whichchild of thatnodeshouldbevisitednext, wecandeterminetheintersectionpointof �

�
�

�

and
�

���

�

, andtheintersectionpointof �

�

!

�

and �

�

!

�

in �$�.�
���

*

��� time.

Wenow describehow to detectwhether
 is empty. To simplify thepresentation,weview � as
a setof planarconvex polygons;obviousadjustmentshave to bemadeto handlethe fact that they
lie on a sphere.For any subset� � � , we representeachconnectedcomponentof �0� # � � asa
circularsequenceof maximal � -monotonearcs,eachlying on thetop or thebottomboundaryof a
singlepolygon

�

$

� � . For eacharc � , westore:

(i) thecoordinatesof its endpoints,
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(ii) thepoint � � � suchthat �

�

�

�

$ ,

(iii) thefeatureof � �2���+� � � thatdetermines� , and

(iv) abit specifyingwhether� lieson thetopor thebottomboundaryof �

�

$ .

Wereferto � asatoparcin theformercaseandasabottomarcin thelattercase.Let �

�

denotethe
setof arcsin theimplicit representationof � . Theendpointsof arcsin �

�

aretheleftmostandthe
rightmostpointsof polygonsin � andtheintersectionpointsbetweentheboundariesof two poly-
gonsof � thatappearon ���8# � � . Sincethereare �$��� � � � suchpoints(seeLemma3.3 and[18]),
our implicit representationrequires� � ��� space.Supposewe have suchan implicit representation

�

�

���

�

for two subsets������� � . Thenwe cancomputethe implicit representation� � � � �

�

of
theunionof polygonsin � � � by asweep-linealgorithm,asshown in [18]. Theprimitivestepsin
thisprocedureare:

� computingtheintersectionpointsbetweentwo arcs��� �

�

and � (-� �

�

, and

� determiningwhethertheendpointof onearcliesbelow or above anotherarc.

UsingLemma3.6,wecancomputesuchintersectionpointsandtestsuchabove/below relationships
in time �$�.�����

*

��� , so thesweep-linealgorithmtakes �$�/��� � � � � � � �4�����




��� time. Hence,usinga
divide-and-conquertechnique,wecancomputeanimplicit representationof � in �$� ���
���

!

��� time.
After having computed�

�

, we cancomputethe implicit representation� 
 � �

�

of 
 � in linear
time.

We would like to performanothersweepto computean implicit representationof � � � 
 � � .
Unfortunately, �

�

� and 
 �

���

can intersectas many as a linear numberof times, so we cannot
computethe sameimplicit representationof 
 . Instead,we detectthe emptinessof 
 usingthe
following observation. If 
 � � � � �

*
!	�*��� � 
 � �/�/��+ � � , thenthe leftmostpoint of a connected

componentof 
 is eitheranendpointof anarcin �

�

� � 
 � �

�

or anintersectionpointof atoparcof
�

�

(resp. � 
 � �

�

) with a bottomarcof � 
 � �

�

(resp. �

�

). We �rst checkin a total of �$� �������

*

���

time, by a sweep-linealgorithm,whetheran endpointof any arc in �

�

lies outside 
 � , or vice
versa. Next, we observe that, provided the previous testdid not �nd a point in 
 , a sweep-line
algorithmcandetectwhether � � and �0� 
 � � intersect. It is suf�cient to only test the top (resp.
bottom) arcsof �

�

againstthe bottom(resp.top) arcsof 
 �

�

. We stop the sweepas soonas
suchan intersectionis foundbecausewe canconcludethat 
 +��� . If no intersectionis found,we
concludethat 
 ��� . The intersectiontestbetweena top arcof �

�

anda bottomarcof 
 �

�

(or
vice-versa)is particularlysimple,asoneof themis convex andtheotheris concave. However this
arcsarerepresentedimplicitly, sousingtheDobkin-Kirkpatrickhierarchyandfollowing thesame
approachasin Lemma3.6, we detectsuchan intersectionin �$�.�����

*

��� time. Thusthe detection
of an intersectionof �

�

and � 
 � �

�

canbe implementedin �$� �������

*

��� time. Puttingeverything
together, weobtainthefollowing.

Theorem 3.7. Giventwo setsof points � and � in � 
 , each of cardinality � , wecandeterminein
�$� ���
���

!

��� timetheexistenceof a prismthat contains� but whoseinterior is disjoint from � and
returnsuch a prismif it exists.
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4 Slab Separability

We now let � be the family of all slabs, i.e., closedregionsdelimitedby two parallelplanes.For
a givendirection � � � * , thereis a uniqueminimal slabcontainer� �*�-� : theplanesbounding� �*�-�

arenormalto � andsupport� �2� �+�

�

� ; oneof thesetwo planesliesabove � �2���+�

�

� andtheotherlies
below � �2���+�

�

� . (Vertical slabscanbe handledseparately—usea two-dimensionalalgorithmfor
separatingplanarpoint sets( �

� -projectionsof � and � ) by a strip [16]. Hereafterwe will assume
that theslabseparatoris non-vertical.) If � �*�-� is a separator, thennoneof thepointsin � lie the
interior of � �*�-� . Usinga standardduality transform,we canmap � (resp.� ) to a setof planes�

�

(resp.�

�

). Thedual �

�

of a minimal separatingslabis a verticalsegmentoneof whoseendpoints
lies on thelower envelope � of

�

� �

�

� andtheotheron theupperenvelope� of
�

� �

�

� . Moreover
�

�

lies completelyinsidea (closed)cell of
�

� �

�

� as it doesnot intersectany planeof �

�

. See
Figure3. Basedon theseobservations,weproceedasfollows.

(i)

���

�

(ii)

���*� ���	�+�

�

�
�

�




Figure3: Separatingby a slab: (i) A slabseparating� from � in theprimal setting.(ii) Dual setting:solid
linesform �

� , dashedlinesform �

� , verticalsegmentis ��� , andtheshadedregion is thecell of 


�

�

�

� that
containstheverticalsegment�

� .

Let � bethesetof cellsin
�

� �

�

� thatintersectboth � and � . Sinceeachcell ��� � intersects
the convex surface � , ��� & �

� ��� � �$� �
*

����� ��� [5]. For a cell � � � , let �

�

�
� � ��� and

�
!

� � � ��� .

Lemma 4.1.
�

� & �

��� �

�

� ��� �

!

� � � �$� �

*

� .

Proof. Eachvertex of � �

�

is anintersectionpoint of anedgeof � anda planeof �

�

, or a faceof
� anda line formedby the intersectionof two planesof �

�

. Since � has �$� ��� edges,thereare
�$� �

*
� verticesof the �rst type. As an intersectionline of two planesof �

�

intersectstheconvex
surface � at most twice, thereare � � �0* � intersectionsof the secondtype aswell. Sets �

! are
treatedsymmetrically.

For a subset� � � , let � ���

�

� denotethesetof cells in
�

���

�

� that intersectboth � and � ,
andlet ��� ���

�

� denotethebottom-vertex triangulation,asde�ned in [9], of thecellsin � � �

�

� . We
compute�

�
� �

�

� aswell as �

�

� � ! , for eachcell ��� � � �

�

� , in �$� �
*

�
��� ��� expectedtime,using
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alazyrandomizedincrementalalgorithm[9]. Moreprecisely, wechoosearandomsubset�

�

� �

�

of � �

�

planesandcompute� � ���

�

� recursively. For eachsimplex � � � � ���

�

� , we computethe
subset�

�

�

� �

�

of planesthat intersect� ; set �

�

� � �

�

�

� . For each � , we compute
�

� �

�

�

� ,
clippedwithin � , in �$� � 


�

� time usinga naive algorithm. Next, we traversethecells of
�

� �

�

�

� ,
overall � , identify thosecellswhich lie in � � �

�

� , andmergetwo of themif they areportionsof the
samecell of � � �

�

� . Finally, wecomputethebottom-vertex triangulationof eachcell in � � �

�

� . The
total time spentin thesestepsis � � � * ������� � �

�

& �������

�	�

� 


�

� . After having computed� � � �

�

� ,
wecanalsocompute�

�

� � ! , for eachcell � � � � �

�

� , in additional� � �+*,����� ��� time.

In order to computethe sets �

�

� ef�ciently, we maintaina history dag, as describedin [9].
Roughlyspeaking,let ��
 � �

#

�
����� � �

�

be the sequenceof randomsubsetschosenby the
algorithm.For eachsimplex ��� � � ���

�

&

� , wemaintainapointerto asimplex � ( � � � ���

�

&

�

#

� if �

and � ( intersect.Assumingthatwe know thesimplicesof � � ���

�

&

� thata plane � � �

�

intersects,
we canquickly computethesimplicesof �

�
���

�

&

�

#

� that it intersects.Theanalysisin [9, Section
5.4] shows that the expectedrunning time of the overall algorithm, including the time spentin
computingthesets�

�

� , is �$� �+* �
��� ��� .

Next, for eachcell ��� � , we project �

�

and �
! ontothe �

� -plane,yielding two familiesof
disjoint convex polygons.Usinga sweep-linealgorithm,we determinein �$�/��� �

�

� � � � ! � �4�
�������

timewhetherthe �

� -projectionsof �

�

and �
! intersect.If they intersectatapoint � , thentheslab

dualto theverticalsegment� ��� � � ��� � is a minimal separatingslab,where� ��� � (resp.� ��� � ) is the
intersectionpointof � (resp.� ) with thevertical line through� . Repeatingthis stepfor all cellsof

� , we candeterminewhetherthereexists a (minimal) separatingslab. By Lemma4.1, we obtain
thefollowing:

Theorem 4.2. Giventwo setsof points � and � in � 
 , each of cardinality � , a randomizedalgo-
rithm candeterminetheexistenceof a separating slabandreturnsuch a slabif it existsin expected
time � � �)*,��������� .

Wenoteherethatthecomputationcanalsobecarriedoutdeterministically, usingthealgorithm
of [4]. We only outlinetheprocedurehere.We �rst compute� explicitly andthenintersectevery
planeof �

�

with � andconstructthearrangement
�

#

of �

� -projectionsof these� convex curves.
By thereasoningof theproof of Lemma4.1, thesizeof

�

#

is �$� �+* � andit canbecomputedby a
sweep-linealgorithmin �$� �0* �
������� time. Eachfacein

�

#

correspondsto a connectedcomponent
of � ! for some � �

�

� �

�

� that intersects� . A similar procedurecomputesthe arrangement
�

*

representing�)�

�

� � �

�

� �

�

� � � � � +� �

� . Oncewe identify which facesof
�

#

and
�

*

correspondto thesamecell � , thealgorithmproceedsasabove,checkingfor non-emptinessof � !0�

�

�

for all � . Weperformthis identi�cation asfollows. Weconceptuallylabeleachcell � � � with
a bit vectoridentifying thesideof eachplaneof �

�

on which � lies. If onetraverses
�

#

alongan
Eulerianpathof its dualgraph,neighboringbit vectorsdiffer by asinglebit. Wedonotrepresentthe
vectorsexplicitly, but insteadusethealgorithmof [4] thatcanstorethemin constantamortizedspace
per vectoranddetectduplicates,therebygroupingthe facescorrespondingto differentconnected
componentsof the same�

! together. Duplicatedetectioncanbe performedin a singletraversal
of thedatastructure,sothatfacesareoutputin groups,with eachgroupcorrespondingto thesame

11



bit vector. Applying theprocedureto
�

#

and
�

*

togetherallows usto match � ! and �

�

asthey
correspondto faceswith identicalbit vectors.Weomit furtherdetails.

Theorem 4.3. Giventwo setsof points � and � in � 
 , each of cardinality � , a separating slab,if
it exists,canbecomputeddeterministicallyin �$� � *-����� ��� worst-casetime.

5 WedgeSeparability

We now let � be the family of wedges, i.e., intersectionsof two closedhalf-spaces.If the two
boundingplanesareparallel,thentheresultingwedgeis aslab. Sincewehavealreadystudiedslab-
separability, we assumethat the wedgesin � areboundedby non-parallelplanes.As in the case
of slabs,the two boundaryplanesof a minimal separatingwedgesupport� �2� �+� � � ; seeFigure4.
For a direction � � ��* , let � �*�,� denotethe (oriented)planewith outward normal � that supports

� �2���+� � � , andlet � �*�-��� � denotethesubsetof pointsthat lie on thesamesideof � �*�,� as � . A
minimal wedgecontainercanberepresentedby a pair of outwardnormals �*�

#

�2�

*

� � �
*��

�
* . If

�*�

#

�2�

*

� is aseparator, then � �*�

*

� separates� �2���+� � � and � �2���+� � �*�

#

�/� . As wevarythedirection � ,
� �*�-� remainsthesameuntil � �*�-� passesthrougha point of � . We proceedasfollows to compute
aminimal separatingwedge,if oneexists.

�

�
���

�

�

�
���

�

��������� �+�

Figure4: Separatingby a wedge.

Let � bethenormaldiagram(alsoknown astheGaussmap) of � �2� �+� � � , i.e., thesubdivision
of �)* into maximalregionssothatfor all directions� within eachregion, theplane � �*�-� is tangent
to the samefeature(vertex, edges,or face)of � �2���+� � � . � canbe computedin linear time from

� �2���+� � � . For a point � � � , let �

$

�

�)* bethelocusof directions� sothat � �*�-� passesthrough � ;
if � �� � � �2���+� � � , �

$ is theboundaryof aconvex polygonon �
* , namelyit is thesetof outernormals

to theplanestangentto �

$ (de�ned in Section3); � cannotlie on � � �2���+� � � by our assumptionof
generalposition. The curve �

$ consistsof arcsof greatcircles, the arcsend at points lying on
the edgesof � ; we call thesepoints breakpoints. We computethe arrangementof �

�
� � �

$

�

� � �

� . The sameargumentasin the proof of Lemma3.3 implies that � is a family of pseudo-
disks,therefore

�

���0� has �$� �
*

� verticesandit canbecomputedin � � �
*

��������� timeusingthe�rst
algorithmdescribedin Section3.

By constructionandtheabove discussion,for all directions� within thesameface
�

of
�

��� � ,
� �*�-� is thesame,whichwedenoteby � �

�

� . Moreover, if
�

�

�

( aretwo adjacentfacesof
�

��� � , then
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� � �

�

��� � �

�

(��"��� � , where� denotessymmetricdifference.Wewishto determinewhetherthereis
a face

�

�

�

��� � for which � �2���+�

�

� and � �2� �+� � �

�

�/� aredisjoint (i.e.,weaklylinearly separable).
Roughlyspeaking,we traversethe facesof

�

���0� , updatingthe set � �

�

� aswe go from oneface
to another, andusea dynamicdatastructureto determinewhether� �2���+� � � and � �2���+� � �

�

�/� ever
becomedisjoint.

In moredetail, we computean Euleriantour of the dual graphof
�

���0� , which is a sequence
�

���

�

#

�

�

*

� 	 	 	 �

���
	

, 
 � � � �)*'� , of facesof
�

��� � . We traversethe sequence
�

, andat each� ,
we maintain � �2� �+�

�

��� � �2���+� � �

�

& �/� in a dynamicdatastructure.Sincewe know thesequenceof
insertionsanddeletionsin advanceandonly want to determinewhether � �2� �+�

�

�"� � �2���+� � �

�

& �/�

ever becomesempty, we canusetheoff-line datastructureof Eppstein[12], which canperforman
updatein amortizedexpectedtime �$�.�
���

*

�������

*

�.�
�������/� . He alsodescribedanotherdatastructure
thatcanperformanupdatein 1-�2��3 �����5� ��� amortizeddeterministictime. Weconcludethefollowing.

Theorem 5.1. Giventwo setsof points � and � in �

 , each of cardinality � , an algorithm can

determinetheexistenceof a separating convex dihedral wedge, andreturnsuch a wedge if it exists,
in randomizedexpectedtime � � ��*-�����

*

���
���

*

�.���������/� or in � � �)* 1-�2��3 ����� � ���/� deterministicworst-
casetime.

6 Double-WedgeSeparability

In this section,� is thefamily of all doublewedges, i.e., (closuresof) thesymmetricdifferenceof
two half-spacesboundedby non-parallelplanes.Without lossof generalityweconsideronly those
doublewedgesthatdonotcontainaverticalplane.

�

�
�

�

�

�

�
���

�

Figure5: Separatingby adoublewedge.

Onceagain,considerthedualversionof theproblem,wherewearerequiredto determine,given
two collectionsof planes�

�

, �

�

whetherthereexistsa segment �

�

that intersectsall of theplanes
in �

�

but crossesnoneof thosein �

�

. Let � bea � -dimensionalcell of
�

� �

�

� �

�

� . For a plane
� � �

�

� �

�

, let �

in
� (resp. �

out
� ) be theclosedhalf-spaceboundedby � that contains(resp.does

not contain) � . Let �

in
� �

� � �

in
�

� � � �

�

� , andlet
� out

�
�

� � �

out
�

� � � �

�

� . If �

�

is thedualof a
separatingdoublewedgeandoneendpoint� of �

�

lies in � , thentheotherendpoint
 of �

�

hasto
lie in �

�

� ����� , wheretheintersectionis takenover all half-spaces� � �

in
� �

� out
�

. Indeed,� and
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 lie on thesamesideof all planesin �

�

andon theoppositesidesof all planesin �

�

; seeFigure5.
Hencethesegment��
 doesnot intersectany planeof �

�

andintersectsall planesof �

�

.

As in the previous section,considera dynamicdatastructurethat canmaintain �

� through
insertionsanddeletionsin �

in
� �

� out
�

. Traversethecells � of
�

� �

�

� �

�

� andmaintain�

� in this
fashion.If for somecell � duringthetraversal �

� is nonemptywe returna segment �

�

� ��
 such
that � � � and 
 � �

� , otherwisewe concludethata segment �

�

asdesireddoesnot exist. The
runningtime in thetheorembelow follows from theanalysisin theprecedingsection.

Theorem 6.1. Giventwo setsof points � and � in � 
 , each of cardinality � , an algorithm can
determinetheexistenceof a separating dihedral doublewedge andreturnsuch a doublewedge if
it existsin randomizedexpectedtime �$� � 
,�����

*

�������

*

�.�
�������/� or � � � 
 1 �2�
34�����5� ���/� deterministic
worst-casetime.

7 ConeSeparability

In thissection� is thefamily of all (closed,convex, in�nite) cones.Recallthatfor �

���� �2� �+� � � , �6�

is theconewith apex � spannedby thepointsin � �2���+� � � . Hereafterwe assumefor simplicity that
theapex of thecontainerconeis alwaysat a point of �


 strictly outsideof � �2� �+� � � . For any point
�

� � 
 ! � �2���+� � � , thereis auniqueminimalconecontainer(with respectto � ) with apex � , namely
thecone �

� , sowe representtheset 	 of minimal conecontainersby pointsin ��
�! � �2���+� � � .

Unlike thecasesconsideredin previoussections,hereweonly discussthestructureof thespace

 of minimal coneseparators.This investigationyields an �$� � *'� boundon the combinatorial
complexity of 
 . We do not at this point have a near-quadraticalgorithmfor constructing
 , or an
ef�cient wayof testingwhetherit is empty. Thefastestknown algorithmfor computingit is roughly
cubic[17]; seethediscussionbelow.

Structure of 
 . Fix a point �

� � andexaminetheset �
�

� � � � �

�

� �

�

� . Let theoutercone
� � of � be the conewith apex � andantipodalto � � . Let the inner cone

�

� of � be � � lessthe
connectedcomponentof � � ! � �2���+� � � containing� . SeeFigure6 andnotethatwe have slightly
abusedtheterminologyin that the innerconeis not exactly a conedueto thepresenceof a “cap,”
a portionof � � �2���+� � � , on its boundary. It is easyto seethat � �$� � � �

�

� . In particular, putting
�

�
�

#
� � and �

�
�

#

�

� , wheretheunionis takenover �

� � , 
 is thecomplementof
�

��� and
we focuson this latterset.

Wecall a ray � outgoingif it emanatesfrom apoint � in � �2����� � � andstrictly outgoingif � lies
in the interior of � �2� �+� � � . To avoid excessive notation,we think of a ray asbeingtraversedfrom
its origin to in�nity . A tail of a ray � is any ray �

(
� � .

Lemma 7.1. Thefollowingpropertiesof outgoingraysandinnerandouterconeshold:

(a) If anoutgoingray meetsanoutercone � � , it staysin � � .

(b) If a strictly outgoingraymeetsanoutercone� � , it enters theinterior of � � andremainsin the
interior of � � .
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(c) An outgoingray startsinsideeveryinnercone
�

� and,if it leaves
�

� , it never re-enters it.

(d) An outerconeis a unionof tails of outgoingrays,disjointexceptat its apex.

(d( ) Theboundaryof an outerconeis a unionof tails of non-strictlyoutgoingrays,disjoint except
at its apex.

(e) An innerconeis a disjointunionof outgoingrays.

(e( ) Theboundaryof an innercone, exceptfor its cap(i.e., � �

�

��� !�� �2� �+� � � ), is a disjointunionof
non-strictlyoutgoingrays.

Proof. Westartwith (c), asit is trivially true:An outgoingray � startsin � �2� �+� � � by de�nition and
every innercone

�

� includes� �2���+� � � by de�nition. So � muststartin
�

� andif it ever leavesthis
convex set,it canof coursenever re-enterit.

As for (a)and(b), anoutercone �6� is theunionof all rayswith origin � antipodalto thosethat
meet� �2���+� � � . Consideranoutgoingray � originatingat � ��� �2���+� � � and�rst encountering��� at
apoint �

� �-� � . Let ��( betherayemanatingfrom � in direction ��

� (directedaway from � ) and � ( (

betheray � � ; referto Figure7. By de�nition of �
� , ��(

�

�
� . By convexity of �

� , ��( (

�

�
� (in fact,

�
( (

�

� � � ), andthustheangularwedge� de�ned by �
( and �

( ( is alsocontainedin � � . Sincethe
line containing� ( passesthrough � , � ( andthe tail of � startingat � aredisjoint, therebyimplying
thatthelatter lies inside � � � � . This completestheargumentfor (a). If � is strictly outgoing,�

lies in theinteriorof � �2���+� � � , thus � ( liescompletelyin interiorof � � (exceptfor � ) andmoreover
� lies in 

� �'� �

�
� exceptfor � ( ( . Thus � staysin theinteriorof � afterenteringit at � , completing

theproofof (b).

Properties(d), (e),and(e( ) holdby de�nition. Finally, (d( ) holdsalmostby de�nition: �6� is the
coneantipodalto � � which in turn is theconewith apex � spannedby � �2���+� � � . So �-� � consists
of suchraysthattheirantipodalraystouchbut donotpenetrate� �2���+� � � , asclaimed.
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Figure7: Illustrationto theproof of Lemma7.1; intersectionwith theplanespannedby � and � is depicted;
thecasewhere� and� arecollinearis easier.

We now prove the main structuralpropertyof
�

and � . For a pair of points �

��� � � , let
���

���

�

� ���-�
�

� �

�

,
���

���

�

� ���-�
�

�

�

�

, �

�

���

�

� ���

�

�
� �

�

, and �

�

���

�

� ���

�

�
�

�

�

. Set
�

�

�

� ���

�

�

���

�

� � � � !��

� � �

�

�

�

�

� ���

�

�

���

�

� � � � !��

� � �

�

�

�

�

�
�����

�

���

�

� � � � !��

��� �

�

�

�

�

�
�����

�

���

�

� � � � !��

��� �

	

Lemma 7.2. For anypoint �

� � ,
�

�

�

is a familyof pseudo-diskson �-�6� . Thesameis true for
�

�

�

on � � � , andfor each of
���

�

and
���

�

on �

�

� .

Proof. Toprovethe�rst statement,it is suf�cient to arguethat
�

�

���

�

and
�

�

���

� donotcross,for � +� � ,
asde�ned in Section3. Supposeto thecontrarythey do cross.Thenthereexist two-dimensional
cones� � �

�

with apex � and � � �

� with apex � , suchthatthetwo endpoints�

�

���

�

of thecurve
�-� � ���

�

���

���

�

lie outside
� �

���

� , thetwo endpoints�

�

���

� of thecurve � � �&�!�

�

���

���

� lie outside
�

�

���

�

andthe intersectionpoint � of � �6���"� �#� lies inside
�

�

���

�

�

�
�

���

� ; refer to Figure8(i). It
easilyfollows, without lossof generality, thata boundaryray � , say, of � intersects� at a point �

thatliesbetweentheorigin � of � andthepoint �

�

� � � ���-�
� . (SeeFigure8(ii).) Notethat � must

lie outside�

� , for otherwise�

� �

�

� and �-�

�

doesnotcross�-�

� , contraryto theassumption.On
theotherhand,� �$��� �

� . Since �

�

� �-�
� lies outside�

� , theray � is outside�

� at � and �

�

andinsideit at � , contradictingLemma7.1(a),as � is a tail of anoutgoingray, by Lemma7.1(d).

Next, considerthe family
�%�

�

. Assumefor thesake of contradictionthat �

�

���

�

and �

�

���

� cross.
This implies,asabove, theexistenceof two-dimensionalcones� �

�

�

with apex � and � �

�

�

with apex � , suchthat the two endpoints�

�

���

�

of the curve � � � �&� lie outside �

�

���

� (andthus
outside

�

� ), the two endpoints�

�

���

� of thecurve � �
�

�#� lie outside�

�

���

�

(andthusoutside
�

�

),
andtheintersectionpoint � of �-� � �����!� lies in �

�

���

�

�'�

�

���

� . Lemma7.1(a)impliesthatthetails
of the two boundaryraysof � (resp. � ) originatingat �

�

and �

�

(resp.,�

� and �

� ) arecompletely
disjoint from

�

� (resp.,from
�

�

). Thustheendpoints�

�

��(

�

(resp.,�

�

��(

� ) of thearc �
*

� ��� 
 �2�

(resp., �+* � �)� 
 �2� ) lie outside
�

� (resp.
�

�

); seede�nitions in Section3. On the otherhand,
considertheintersection�

�
�*�	�+� , which is a ray. Clearly, thepoint on �

* correspondingto the
directionof � lieson bothsegments

�

�

(

�

and
�

�

(

� andthusin
���

�

�

� . In otherwords,
� �

and
�

�

crosson �
* , contradictingLemma3.3.
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Figure8: Proofof Lemma7.2.

Theproof for theremainingtwo families,
� �

�

and
���

�

, is similar.

Wearenow in positionto prove themainresultof thissection,a tight boundon thecomplexity
of 
 .

Theorem 7.3. Thecomplexity of thespace
 of all minimalseparator conesis �$� � * � .

Proof. Sinceeach � � and
�

� is a polyhedralcone,our general-positionassumptionimplies that
every � - or

�

-dimensionalfaceof 
 is incidentuponat leastonevertex of 
 (that is not a cone
vertex). Therefore,by thegeneral-positionassumption,thecomplexity of 
 is proportionalto the
numberof its vertices.As 
 is thecomplementof theunionof thecones

�

� � � � , its verticesareof
threetypes:

(i) verticesof thecones,

(ii) verticesformedby theintersectionsof two conesurfaces,and

(iii) verticesformedby theinteractionof threeconesurfaces.

Thereareonly � � ��� verticesof type (i). A type (ii) vertex if formedwhena coneedge 
 meets
anotherconeon � 
 . An edgeof an innerconeis anoutgoingray andanedgeof anouterconeis
a tail of an outgoingray. Hence,once 
 entersanotheroutercone,it never appearson � 
 again,
andalso,beforethelast time 
 leavesanotherinnerconeit never appearson � 
 . To summarize,

canonly appearon � 
 in atmostoneconnectedportionandcontributesat mosttwo verticesof the
secondtypeto � 
 . As thenumberof coneedgesis quadratic,sois thenumberof suchvertices.

It remainsto counttheverticesthat lie on threeconesurfaces.Supposesucha vertex � occurs
on theboundaryof two outercones�6� � �

�

andof anothercone�

� , whichcanbeeitheraninneror
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anoutercone.If �

� is theouter(resp.inner)cone �

� (resp.
�

� ), then � is a vertex of theunionof
pseudo-disksin

� �

� (resp.
� �

� ). By a resultof Kedemet al. [18], eachof #

� �

� and #

� �

� has � � ���

vertices.Hence,thenumberof verticesthatlie on threeconesurfacestwo of which areouter-cone
surfacesis �$� � * � . Similarly, thenumberof verticesthatlie onthreeconesurfacestwo of whichare
inneris also � � �+*'� . Thiscompletestheproofof thetheorem.

The (lack of an ef�cient) algorithm. As alreadymentioned,we do not have a near-quadratic
algorithmfor computing 
 . A near-cubic onecanbe obtainedby computingthe inner andouter
conesexplicitly in roughlyquadratictotal time. Thisyieldsacollectionof � convex polyhedraeach
of complexity � � ��� . As observedin [17], theirunioncannow becomputedby thealgorithmof [6]
in roughlycubicrandomizedexpectedtime. Any attemptto tunetheunion-of-polyhedra algorithm
of [6] to this casethat representstheconesexplicitly is doomedto failure,asthatalgorithmstarts
by computingtheintersectionof every faceof every polyhedronwith theremainingpolyhedraand
the total complexity of all suchintersectionscanbecubic in theworstcasefor theproblemunder
consideration.A naturalattemptto circumventthisis to representtheintersectionsimplicitly, aswas
donein Section3. Indeed,thiswouldbepossibleandanear-quadraticalgorithmwouldresultif one
couldcomputein, say, polylogarithmictime,theatmosttwo (by Lemma7.2)pointsof intersection
of any threecones.Thiswouldallow oneto compute,asin Section3, by recursive pairwisesweep-
merge #

� �

�

and #

� �

�

, for every � , in total time roughlyproportionalto themaximumnumberof
suchintersectionpointson the union; the samewould apply to the sets

�
�

�

and
�

�

�

. Testing,for
every � , whether#

� �

�

� #

� �

�

� � � � asin Section3 (andtheanalogousoperationsfor theinner
conesurfaces)wouldallow ef�cient emptinesstestingfor 
 .

8 Conclusion

In thispaperwestudiedtheproblemof separatingtwo pointsetsby asolidbodyin � 
 andpresented
improvedalgorithmsfor a numberof cases.However severalproblemsremainopen.Oneobvious
problemis to developa near-quadraticalgorithmfor coneseparability. Theonly missingstepis a
datastructurethatcanpreprocessa convex polytopein �


 sothatfor threequerypoints�

������� one
candeterminein 1-�2��3 �����5� ��� time theintersectionpointsof � � � , � �

�

, and � �

� .

Therehasbeenextensive work oncomputing“large-margin” hyperplaneseparators,but little is
known for suchseparatorsby othersolidbodies.Canouralgorithmsbeextendedto �nd maximum-
margin separators?Whatabouthandlingoutliersandhigher-dimensionaldata?
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